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Abstract 
Portfolio and Option Pricing Theory 
with Correlated Multi-Assets and Transaction Costs 
by Pongsathorn Ingpochai 
The limitation of the classical continuous time portfolio optimisation of Merton 
(1971) is the assumption that the trading is done in frictionless markets. This allows 
the portfolio to be rebalanced in any finite time interval without penalty caused by the 
transaction costs. In the presence of costs, Merton's strategy would no longer be optimal 
as the investor has to limit the transaction fees by reducing the number of transactions. 
Thus, there must be some region, in which the portfolio is not rebalanced. This work 
addresses the effect of the transaction costs and the optimal transaction regions to some 
extent. 
The first part of the thesis considers the theory of optimal portfolio selection and 
consumption rule when the transaction costs are incorporated. We assume that the 
investor faces proportional transaction costs when trading correlated multiple risky as-
sets. In practice, these costs are relatively small compared to the value of the amount 
transacted. Furthermore, as the portfolio under consideration consists of multiple risky 
assets, which makes numerical methods formidable, this motivates us to apply a tech-
nique of perturbation analysis. 
The objective is to transform the singular stochastic control problem, which arises 
from the transaction costs, to a free boundary and partial differential equations problem. 
The transaction boundaries that define the no transaction costs region can be established 
by solving for the optimal investment strategies. We have considered both the infinite 
time horizon case as well as the finite time interval. Furthermore, the effect of stochastic 
variance has also been included. 
The second part of the thesis deals with option pricing theory. We investigate the 
problem of evaluating the option price for a basket option in the presence of propor-
tional transaction costs via a stochastic control approach. The prices are obtained by 
comparing the maximized utilities of the portfolio with and without the option. 
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Chapter 1 
Introduction 
The primary purpose of the present study is to further investigate the influence of 
transaction costs on portfolio theory and the pricing as well as the hedging of the option. 
The portfolio theory, which is part of the mathematical theory of financial markets, is 
concerned with the investment-consumption strategy. To be more precise, an investor 
endowed with a given initial wealth has to determine the optimal rule in trading between 
a risk-free asset and risky assets as well as establishing the rule of consumption. In 
order to quantify the term "optimal", a criterion for measuring performance must be 
established. A utility function is introduced to indicate the investor's performance as well 
as his preference towards risk. The main objective of portfolio management theory can 
be recapitulated as determining the investment-consumption strategy so as to maximise 
the investor's utility over his lifetime. 
The problem of continuous-time portfolio theory has been proposed by Merton 
(1969). The method of stochastic control theory was employed and the optimal in-
vestment and consumption rule was defined explicitly. The limitation of the model is 
that the transaction costs have been excluded. This allows the investor to rebalance 
his portfolio without penalty. In the presence of transaction costs, the investor can no 
longer apply the same set of rules, as continuous rebalancing could lead to unbounded 
transaction fees. A new strategy must be determined to balance between the costs of 
paying transaction fees and the risk of the portfolio. 
This thesis addresses the issue of transaction costs in the classical continuous time 
10 
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portfolio allocation theory (Chapter 3 and 4) and the modern theory of valuation and 
determination of hedging strategy of an option (Chapter 5). The chapters in this thesis 
are designed to be self-contained and thus contain their own introductions, conclusions 
and appendices. The present chapter gives an introduction to continuous-time portfolio 
theory and option pricing theory by providing a discussion on the existing literature. 
In Chapter 2, we rederive the portfolio selection and option pricing with transac-
tion costs for a portfolio consisting of one risky asset and a risk-free asset as given by 
Mokkhavesa and Atkinson (2002) and Whalley and Wilmott (1997) respectively. This 
chapter is to provide a simple introduction, which we can extend to a more complicated 
model when we consider several assets. 
In Chapter 3, the problem of determining optimal portfolio selection with transaction 
costs for an investor with an infinite time horizon is considered. We examine the effect 
of transaction costs on a portfolio with one risk-free asset and several correlated risky 
assets. The main tool of investigation is based on a perturbation method. 
In Chapter 4, we generalise the formulation in Chapter 3 by considering an investor 
with a finite time horizon so that the value function depends on the evolution of several 
assets as well as time. The model is also extended to include the effect of stochastic 
variance on the optimal reallocation of a portfolio with transaction costs. 
In Chapter 5, the problem of valuing and hedging a European basket option, where 
the transaction costs are levied on all sales and purchases of the underlying assets, is 
considered. The addition of transaction costs makes it impossible to find a perfect 
replication strategy as all the risks cannot be hedged away. Thus a method of utility 
maximisation is employed and a utility function is introduced as a measure of the risk 
preference of the investor. Stochastic control theory and perturbation analyses, similar 
to the continuous-time portfolio theory, are applied to determine the price and the 
hedging strategy of the basket option. We provide an example of an option whose 
payoff is the maximum of two correlated risky assets. 
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1.1 	Review of portfolio selection 
The mathematical modeling of portfolio management and consumption has been an in-
teresting area in modern finance. The problem has undergone an immense expansion 
since the foundations of the subject were laid by Merton (1969) and Merton (1971). In 
a continuous time framework, he showed that for an investor's utility function of the 
hyperbolic absolute risk aversion (HARA) class, the consumption-portfolio problem can 
be solved explicitly for both constant absolute risk aversion (CARA) and constant rela-
tive risk aversion (CRRA) under the assumption that the asset prices are log-normally 
distributed. In this setting he obtained the optimal investment strategy, which agrees 
with Samuelson (1969) for the discrete-time version, via the technique of stochastic dy-
namic programming. By applying Ito's lemma and dynamic programming, the problem 
is reformulated as a partial differential equation (PDE). This problem was simplified 
by the assumption that the trading is done in frictionless markets, thus allowing the 
portfolio to be rebalanced in any finite time interval without penalty. 
There are a large number of articles studying optimal consumption and transac-
tion policies for an investor facing transaction costs in the financial markets. Magill 
and Constantinides (1976) were the first to introduce proportional transaction costs to 
Merton's model. This yielded the fundamental insight that any attempt to apply Mer-
ton's strategy in the face of transaction costs would no longer be optimal, because with 
transaction costs the investor would prefer to make fewer transactions. Hence, they con-
jectured that there must be some no transaction (NT) region inside which the portfolio 
is not rebalanced. The optimal policy is to trade only when the fraction of wealth in 
stock lies outside this region, and trade just enough to bring the fraction into the NT 
region. Constantinides (1979) proposed an approximate solution based on making cer-
tain assumptions on the consumption process and proved in a discrete time setting that 
the NT region is a cone in the two-dimensional space of position vectors for a portfolio 
consisting of one risk-free asset and one risky asset. 
Taksar, Klass and Assaf (1988) pointed out that the problem with proportional 
transaction costs is similar to a singular stochastic control problem. They studied the 
problem of maximizing the long-term expected rate of growth of wealth and assume 
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that the investor does not consume. In a continuous time framework, Davis and Nor-
man (1990) studied investors maximising total discounted utility of consumption. They 
provided a precise formulation and analyses, including an algorithm to compute the 
optimal policy. They formulated the problem as a variational inequality and applied 
stochastic control theory. Their solution described the boundaries between the NT and 
the buy and the sell regions for the two-asset scenario, which confirms that the optimal 
strategy lies in a cone shaped region in the portfolio plane. Their numerical results are 
also consistent with asymptotic results obtained by Mokkhavesa and Atkinson (2002). 
Duffle and Sun (1990) considered the case of a fixed fraction of portfolio value plus 
proportional transaction charges. They show that in their model an investor can only 
observe the wealth at transaction times, and would choose to re-balance his portfolio 
at fixed deterministic time intervals. Pliska and Selby (1994) and Morton and Pliska 
(1995) have studied a model when there are transaction costs proportional to a fixed 
fraction of the portfolio value (transaction costs that are of the management fee type) 
and their objective is to maximize the long-term asymptotic growth rate. 
The literature on investment and consumption with multiple risky assets subject to 
transaction costs is limited. Akian, Menaldi and Sulem (1996) considered a multi-asset 
problem of the Davis and Norman model with proportional transaction costs for a CRRA 
investor when asset returns are uncorrelated. They obtained a variational inequality to 
be satisfied by the value function and proved the existence and uniqueness of a viscosity 
solution. The optimal policies are also shown via numerical studies for the case of one 
risky asset and two risky assets. 
Atkinson and Wilmott (1995) and Atkinson, Pliska and Wilmott (1997) applied 
asymptotic analyses to the portfolio optimisation problems, given by Morton and Pliska 
(1995), whose transaction costs are proportional to a fixed fraction of the total value of 
the portfolio. 
Atkinson and Mokkhavesa (2004) used perturbation techniques with the assumption 
of small transaction costs on a multi-asset portfolio. They formulated the problem so 
that the class of utility function is not restricted to a particular form. However, they as-
sumed that the price processes of the risky assets are independent. They discovered that, 
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Figure 1.1: General shape of the transaction boundaries and the various trading regions 
subject to proportional transaction costs for the case of two correlated risky assets. 
for two uncorrelated risky assets, the NT region is a rectangular shape in the (w1, w2) 
space, where wi represents the fraction of wealth in the risky asset i. Their asymptotic 
results agreed with the numerical results found by Akian et al. (1996). As their per-
turbation technique is based on an analytical method, they showed that the boundaries 
that separate the NT region, buy region and sell region obtained from this method can 
be applied to portfolios with more than two risky assets without any difficulties. 
The problem of portfolio selection and consumption rules for the case of multiple 
correlated assets becomes much harder to deal with due to the shape of the transaction 
boundaries. When the risky assets are correlated, the transaction boundaries no longer 
consist of multiple straight lines. Figure 1.1 shows the general shape of the NT region and 
transaction regions when there are two correlated risky assets subject to proportional 
costs. The black circle represents the Merton's optimal policy or "Merton Point", which 
lies inside the shaded NT region. The NT region is surrounded by the transaction 
boundaries and there are eight transaction regions, where Bi, Si and NTi are the action 
for buy, sell and no transaction of asset i = 1, 2 respectively. The arrow lines show 
the transaction directions governed by the optimal trading strategy, which dictates that 
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the investor should trade immediately, when the portfolio lies outside the NT region, in 
order to move to the boundary of the NT region. 
This problem has not been addressed satisfactorily in the existing literature. Muthu-
raman and Kumar (2006) applied the finite element method in solving the portfolio 
consisting of two risky assets. They transformed the free boundary problem into a se-
quence of fixed boundaries which can be solved numerically. As the method is based 
on numerical schemes, it is impractical for solving a portfolio with a large number of 
risky assets. We exploit the smallness of the transaction costs by applying a technique 
of perturbation analyses to the model proposed by Atkinson and Mokkhavesa (2004), 
but remove the assumption that risky assets are uncorrelated, ie, we extend their work 
by incorporating the correlation between multiple risky assets. Thus, the model we use 
here is similar to that of Davis and Norman (1990) but the portfolio under consideration 
consists of N risky assets instead of having one risk-free and one risky asset. 
There have been a number of papers exploring the effect of stochastic volatility of 
the stock price process in options pricing theory Hull and White (1987), Stein and Stein 
(1991) and Heston (1993). However, the influence of stochastic volatility in optimal port-
folio selection has not been addressed satisfactorily in the existing literature. Weiner 
(2000) has studied the impact of the stochastic volatility on the model of Morton and 
Pliska (1995). Atkinson and Mokkhavesa (2003) have given explicit transaction bound-
aries for the intertemporal optimal portfolio with transaction costs and have outlined 
the procedure for tackling the problem with stochastic variance. The limitation of their 
model is that they only considered a portfolio with one risk-free and one risky asset. In 
this thesis, we also extend Atkinson and Mokkhavesa (2003) by solving the intertemporal 
optimal investment strategy for a portfolio with more than one risky asset. 
1.2 	Review of option pricing 
Option pricing has become a very popular subject for research since the publication of 
Black and Scholes (1973). This model is based on the no-arbitrage framework and its lim-
itation is that the market must be frictionless, ie, no transaction costs when transferring 
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money between the risk-free asset and the risky assets. In the presence of transaction 
costs, this argument fails. We can no longer readjust the portfolio continuously to meet 
the optimal rebalancing point, as this would cause the overall transaction fees to grow 
without bound. In recent years, increasing attention has been devoted to the question 
of option pricing under transaction costs. Many different models and approaches have 
been proposed in order to examine the optimal hedging strategies. 
The modeling of transaction costs was initiated by Leland (1985). He assumed that 
the transaction costs are proportional to the value of the shares traded in the Black-
Scholes model and adopted the hedging strategy of rehedging at specified fixed time 
intervals. He (1990) and Boyle and Vorst (1992) considered the same type of costs by 
extending the binomial model of Cox, Ross and Rubinstein (1979). Hoggard, Whalley 
and Wilmott (1994) have demonstrated that the PDE for the value of an option is 
nonlinear and have given results for various type of options. Since rehedging at fixed 
intervals cannot ensure the optimal strategy, Toft (1996) has considered non constant 
intervals of rehedging period. The rebalancing is triggered by a percentage change in 
the value of the underlying asset. All of these models require the rehedging interval to 
be given explicitly. 
Another approach, based on the investor's risk preference, is an optimal stochastic 
control problem in the presence of transaction costs, which has been originally pro-
posed by Hodges and Neuberger (1989). The idea, which is commonly referred to as 
utility maximization, has received attention from several authors, ie, Davis, Panas and 
Zariphopoulou (1993), Clewlow and Hodges (1997), Barles and Soner (1998) and Con-
stantinides and Zariphopoulou (1999). In these models, the hedging strategies are not 
exogeneously imposed and must be determined as part of the solution by defining a 
utility function. According to this approach, the optimal hedging strategy is to take no 
action when the hedge ratio lies within a NT region and rehedge to the nearest boundary 
of the NT region as soon as it moves out of the NT region. 
The utility maximization approach is promising but the main drawback is that it 
usually involves a large number of state variables, which arise in the problem. Thus, 
it would be impractical to use a numerical method even in the portfolio with only one 
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risk-free asset and a single risky asset. Whalley and Wilmott (1997) have provided the 
asymptotic analysis of the one dimensional version of Davis et al. (1993) to overcome the 
computational efficiency problem'. They assume that the transaction costs are small 
and derive an optimal form of the hedging bandwidth centered around Black-Scholes 
delta for an option written on a single asset. Furthermore, Whalley and Wilmott (1999) 
and Zakamouline (2006) have considered the case of fixed transaction costs as well as 
proportional costs. 
A general option pricing formula has been proposed by Davis (1997) based on a 
`marginal rate of substitution' argument, which is widely used in economics. This has 
been further developed by Monoyios (2004), who computed the option price by a Markov 
chain approximation. 
The literature on option pricing with multiple underlying assets subject to transac-
tion costs is limited. Andersen and Damgaard (1999) have considered the valuation of 
an option written on two underlying assets with HARA utility functions and have shown 
that the exponential utility function is as good as any HARA utility function. They 
have obtained the option values under a discrete time setting based on the interior-point 
algorithm in solving optimization problems. Atkinson and Alexandropoulos (2006) have 
extended the model of Whalley and Wilmott (1997) by considering options written on 
multiple underlying assets. This type of option is commonly known as a basket option. 
Under this generalisation, they have assumed that there is no correlation between each 
of the underlying assets. The perturbation analysis was used and the option price was 
found to 0 (el). 
1The treatment of perturbation analysis can be found in Hinch (1991). 
Chapter 2 
Portfolio selection and option 
pricing with transaction costs for 
a portfolio with one risky asset 
In this chapter, we outline the theory of continuous-time optimal portfolio and option 
pricing under proportional transaction costs as described by Mokkhavesa and Atkinson 
(2002) and Whalley and Wilmott (1997) respectively. 
2.1 Portfolio selection with transaction costs 
2.1.1 Model 
We define Si (t) and So (t) as the wealth in the risky and risk-free assets respectively. 
The evolution equations of the risky and risk-free asset incorporating transaction costs 
can be, respectively, described as 
dSo (t) = [rSo (t) — c (t)] dt + [— (1 + A) dL (t) + (1 — p,) dM (t)] 	(2.1) 
and 
dSi (t) = aSi (t) dt + a Si (t) de (t) + dL (t) — dM (t) 	 (2.2) 
18 
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where r > 0 is a constant called the risk-free rate. The constants a and a represent the 
mean rate of return and the volatility, respectively, of the risky asset. The constants 
A E [0, 1) and E [0, 1) are the proportional transaction costs incurred from buying and 
selling the risky asset respectively. We let (t) be an independent Wiener process on a 
filtered probability space (1, F, P), where {Y.  (t)}t>0 is a right continuous filtration. 
The nonnegative and non-decreasing processes 
L (t) = fct) l (s) ds 	and 	M (t) = fct, m (s) ds 
are right-continuous with left-hand limit and represent the cumulative purchase and sale 
of the risky asset, Si, respectively. Note that l (s) and m (s) are bounded by K < oo, 
which are defined for heuristic derivation. The consumption process, c (t), is required 
to be nonnegative and integrable for any finite time t, that is, 
c (t) > 0, 	Lit c (s) ds < oo, 	for all t > 0 	 (2.3) 
The investor is given an initial amount, xo dollars, invested in the risk-free asset and 
xi dollars invested in the risky asset. The investor must choose the consumption and 
investment policy (c, L, M) so that for all t > 0, (So (t) , Sl (t)) lies within the closed 
solvency region 
S = {(So (t) , (t)) E R2 : So + (1 + A) Si 0 and So + (1 — tt) 	> 0} 	(2.4) 
An investment consumption policy (c, L, M) is called admissible if So and S1  given 
by Equations (2.1) and (2.2) lie in S for all t > 0, that is, 
Pr [(So, Si) E S for all t > 0] = 1 
Therefore an admissible policy will ensure that bankruptcy does not occur in finite time. 
We will use A to denote the set of all admissible policies. The investor's objective is to 
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maximise, over all policies (c, L, M) in A, the expected discounted utility of consumption 
co 
J„ (c, L, M) = Ex f e—(ktU (c) dt 	 (2.5) 
0 
subject to (2.1)-(2.2). Here Ex denotes the expectation given that the initial endowment 
is x = (xo, xi) and 0 is a positive discount factor. The utility function, U (c), is defined 
by 
0 
'Y 
U (c) = —, 0 < 7 < 1 	 (2.6) 
where 7 represents the relative risk-aversion coefficient. Note that this is the power 
utility function which belongs to the HARA functions. 
The value function, V, can be defined as 
V (x) = sup J„ (e, L, M) 
(c,L,M)EA 
2.1.2 Dynamic programming equations 
The optimality equation for the time independent problem as described by Davis and 
Norman (1990) can be written as 
0 	= 	fmc,t,m) 
{U (c) — 01/ (So, Si) ax  
011 -F 5,0 [rSo —c— (1 +A)/ + (1 — 1-t)mi 
2V 
+ a-si 
OV 	 1 2 4 } 
(aSi + / — m) + 2a2 S1  Tsf (2.7) 
where the control variables c,l, in are the consumption rule, and the buy-sell strategy 
respectively. Note that the value function is independent of time as we are dealing with 
an infinite time horizon. The condition for an interior maximum is 
ui (c*) = av so (2.8) 
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while the controls / and m are governed by 
lc 
0 
if 	8V > t 1 j_ )0 av as, — k 1 i aSo 
if _o_siav 	DV < (1  ± A) as. 
(2.9) 
Its 	if 	.17 	(1  _ „) av 
	
as, — k 	I') as. m= 
0 if as i 	\ av ,--sl> 0- — I-9 as. 
We can restate the problem for the value function V (So, Si ) as follows 
(2.10) 
max {AV, LV, MV} = 0 	 (2.11) 
where 
2 02 82v a-v , a 
2 
 oi 
as 
v f 731  7- 	i AV = U (c*) — q5/7 + ,: `
rso _ c*) + aS1.5 
OV OV LV = -071  — (1  + A)  aso , MV = (1— av ov P)-67570-  — s  
(2.12) 
(2.13) 
(2.14) 
Here c* is defined from (2.8). 
This optimisation problem is a free boundary problem, where the optimal allocation 
and consumption rule is determined by the above inequalities. The solvency region can 
be characterised into three regions; buy, sell and NT regions. Equation (2.12) holds in 
the NT region, which is bounded by regions satisfying the buy and sell constraints in 
(2.13) and (2.14) respectively. Thus this indicates that the optimal strategy involves 
rebalancing the portfolio such that the portfolio values always lie within the NT region. 
2.1.3 Perturbation model for small levels of transaction costs 
We observe that when the transaction costs A and pc tend to zero, the problem as stated 
by (2.11) reverts back to the classical problem of Merton. Furthermore, the transaction 
costs are relatively small compared with the size of the amount of transaction. Thus, 
an appropriate choice is to apply perturbation analysis about Merton's value function 
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Merton (1992). We define the total wealth, W, as 
w = so + (1 — ,u) si 	 (2.15) 
which is the sum of the wealth in the risk-free asset and the wealth in the risky asset 
after the transaction costs have been paid. 
We assume that the value function V (So, Si) takes the form 
V ( So , Si ) = '(7.  ( W ) + fi ( So , Si ) 	 (2.16) 
where V (W) is Merton's value function in the absence of transaction costs and satisfies 
0 = max {u (a) — 0 • f/.  (w) + a —
af/
w  ([r + (a — r) w] W — 6) 
a 
2
W 
 2 
2 
 (92f7 
4_ 
2 — 	
1 
' 	
w 
  awe 
The conditions for an interior maximum here are 
,ai7 U' (e) = aw 
(2.17) 
(2.18) 
and 
2 a2f7 - 	af7 0- w avi.2 w = (a — r) ow (2.19) 
The optimal consumption and allocation as found by Merton for the power utility are 
* = (a — r)
2 	
r 
a { Cb 
1 — 7 
7 
 [20-2 (1 — 7)2 + 1 — 11 W 
and 
w = 	  a2 (1 —'7) 
Note that the wealth in the risky asset, Si, can also be written as Si = wW. Thus, 
a — r 
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using (2.15) we can express the proportion of wealth invested in the risky asset as 
W — So  w (1 — ,u) W (2.20) 
From the assumption that the size of the transaction costs is small, we can write 
A = EX and ic = EA where e <1 with ). and A as o (1) constants. We assume that a* >> 
and the independent variables can be written as 
w = 11) + 	 (2.21) 
= 	-FE 	 (2.22) 
The perturbation term of the value function, V, can be determined by subtracting (2.17) 
from AV = 0. In order to eliminate all of the terms in Merton's value function, we use 
(2.20) as well as the interior maximum conditions in (2.18) and (2.19). A Taylor series 
expansion is also applied to the utility function about Merton's optimal consumption 
e*, as described in Appendix 2.A. The governing equation for V is found to be 
0 = a2 	
a so
y 
(c — ov + — [rSo — (a* + E)] 
017 0.2518217  
▪ asi. 	2 a52 1 
	517" 
▪ 2 	aw2 
_ it  (1 _ 	tirtho_2w 2 0217.‘  
aw2 
2 	 h217- 
▪ 7D2 (1 11)2 w2 
2 aw2 
The free boundary conditions of (2.13) and (2.14) become 
af7 	ff Sc' LV = — + .51T7 — (1  + A)
a 
5,0 asi  
av av 
MV = (1  — tt) 	— as, 
(2.23) 
(2.24) 
(2.25) 
To solve (2.23) subject to the boundary conditions (2.24) and (2.25), we proceed 
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as follows. We assume that the total wealth can be written as W = W W. The 
independent variables So and S1  are perturbed about ,§0 and &, respectively, and they 
can be written as 
So = So + So 
= [1— (w +zv)](W+ 1T)  
and 
= S1 + 
= (1-1.) + ID) (W +W) 
where So and gi are Merton's values given by go = (1 — W and 'i = z'OW. This 
implies that 
So =(1-zv)W-w(W+W) 
	
(2.26) 
Sl = wW + tr) 	+ 	 (2.27) 
By noting that W = So + Sl, we can express (2.27) in terms of Cu as follows 
= —w [si — w (so  + Si)] 
	
(2.28) 
For the purpose of simplification, we perform a change of variables on the value 
function such that 
V (So, Si) E -_- I ( I D ) 	 (2.29) 
This change of variable suggests 
off 	8I 	7.)) 
aso 	atT) W ) 
av 	ar 0.—  
asi 	alp W 
On2 V - 0/ (1 
as? 	.9 ,02 W2 
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The equation for V in (2.23) and the two boundary conditions can be expressed in 
terms of ./(10) as 
o 	2-ull (a.) - + Z(-;)[(1-w)rw - (a* +a)] 2 
ai (1-w) 0-2 2 2 a2I (1-702 d-awW alp w + 2 w W awe W2 
_1_420 w2 a2177 
2 	" aw2 
-/2 (1 - /2) tiiip-a2W2 62V  51472 
0.2 
-i-V/2 (1 — //)2 W2 
521.7 
aci 	ti) al" LV = - (A + /./) 7,w + A147 TD + 
ar 	1 al- 
my = 
with 
ow2 (2.30) 
(2.31) 
(2.32) 
At this stage, it is important to know the magnitudes of the perturbations of the 
independent variables as well as the value function. We assume that 
(11)) = 	(iv) 	and 	= &Co.  
The relationship between i  and t can be found by matching the terms of the same size 
in (2.30) and equating them to zero as well as satisfying the boundary conditions. The 
	
reader is reminded that A = sX and 1.1 = 	Thus, the leading terms in (2.30) are of 
order 6.2 , which must be balanced with 671-2t, a contribution from f. To satisfy the 
buy condition, the term with order s must be balanced with sn' term. These conditions 
can be solved to give ri = 3 and t = 3, which implies ID = eNii). Therefore, So, Si and 
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W become 
So 	= So + E a :50 
,§1+64 ,;ri 
W = 	+ ci 
We assume that f(p) can be written in full as 
I (ID) = El (A0 BliO) E (A1 + B217)) + Et I (CO 	 (2.33) 
To satisfy the sell condition MV = 0, we must have alr, = 0, this implies that el B1ui + 
2 EI (lb) = 0. Thus the necessary condition is that B1  = B2 = 0, which gives 
(ID) = e3 Ao + eAl + 611 (iii) 
We can solve for (2.30) by substituting the expansion for I (tD) and equating powers 
of El . The order Ei is identically zero, thus the leading order is e s whose equation can 
be written as 
cr2 CT 
2 
= —OA() + _2.7)2 T472  U  + 	w 2 	
„ 2 021  0 2 	aw2 2 (1 w) 	 awe  (2.34) 
On the transaction boundaries, the free boundary conditions in (2.31) and (2.32) must 
satisfy LV = 0 and MV = 0 respectively. These give the buy and sell boundaries to 
order 6 as follows 
buy constraint: 
sell constraint: 
- 	+ A) 	7 + v1-g - 0 
1 al = n 
WBzu 
(2.35) 
(2.36) 
As we are dealing with proportional transaction costs, which is an instantaneous control, 
the additional conditions are required for smoothness on the transaction boundaries. 
These conditions are known as 'super contact conditions' or 'value matching' (see Dixit 
I 	 0,40,02 	 2w4,2  a2f/ 	
, 
2 2 	— ow2 Li2 cr2tb2 (1 	_ 102 [2 
2 	1 (2.41) 
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(1991) and Dumas (1991)), and are given by 
buy boundary: 821 -- 
0  (2.37) YP.  
sell boundary: 821 = 0 (2.38) 
Equation (2.34)-(2.38) give a system of equations to determine I and the position of the 
buy/sell boundaries. 
2.1.4 Optimal allocation 
In this section, we solve the free boundary differential equation (2.34)-(2.38) as formu-
lated in the previous section. The transaction boundaries must be determined as part 
of the problem and we denoteibb and (us for the buy and sell boundaries respectively. 
We rewrite (2.34) as 
2 	 2 a 1 2 A 	cr
2 -2TA72 
awe 	0-2,1 72 (1 771)2 0-0 vv (2.39) 
which can be integrated to give 
ai 	_ 	2 	 1 u2-17- 
2 [0A021) 	,th3w2  a2 
	+ 
aiv — 	(1 — to 	3 2 	aw2 (2.40) 
Equations (2.35), (2.36), (2.37) and (2.38) are now used to determine the optimal trans-
action boundaries fob, w9 and the two constants D1, D2. 
In order to guarantee continuity on the transaction boundaries, the first derivative 
I with respect to 'CO must satisfy the condition in (2.35) and (2.36), which give 
2 
0-271;2 (1 _ 711)2 
2 
(7211)2 (1 	71. )2  
[
_ 	1 0-2 3 2 02fi 
0240Wb — 52 ivbvv 47.2 ] + D1 
2 2" 
 
,_.  
q5Aoius — 3---T w::WhaT ]+ D1  
= + waw' (2.42) 
= 0 	 (2.43) 
Chapter 2. 	Portfolio selection and option pricing with transaction costs for a portfolio 
with one risky asset 	 28 
In addition, the second derivative conditions 
2 
(2.37) and (2.38) 
-2w2 a217. 
give 
= 0 
= 0 
(2.44) 
(2.45) 
0-20 (1— 
in
b "° 	2 w 	aw2 
0-262 (1 	ii))2 L AO 	
271.1.5w2 ow2  
This implies that the transaction boundaries are symmetric about Merton's optimal 
allocation i.e. lb, = —74, and these conditions can be expressed as 
02 "1./' 2 A0 = —17'4 W 2 20 8 OW 2 (2.46) 
To find the optimal transaction boundaries, z1, we first substitute the expression in 
(2.46) back into the first derivative conditions in (2.42) and (2.43). We then use the 
symmetry property and find that DI = 	+ rt) W. Equation (2.42) and (2.43) 
now become 
2 10-2[i  A 	 a2 
0.210 (1 _ w)2 (p-owb — 3 2 wbW  01472 
1 
0-20 	(1 _ ) 7.7), — 	
2 tij1W2192 2 	2 0A0 3 2 	ow 
= 	+ la) wawfT 
1 
= -- (A+ 0 147 2 	aw 
(2.47) 
(2.48) 
Substituting for AO into these expressions, yields the following transaction boundaries 
1 
3  ( +
a V 	3 
2 2 	I 
( 1 	to 2  DT,T7 
„, 
aw 
[3  C);+12)  71)2 (1 20)2 avvfl. 	3 tbs 2 	2 	 w aaw 
nr 
Finally, the optimal transaction boundaries, which separate the NT region and the 
transaction regions, are defined by 
w b = I —w [34 ( Aa+_ 1272)°-2 (1  - 102] 
1 
3 
(2.49) 
wb 
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and 1 
ws = 6 + ws [3  (A + P) ,72 (1  _ ,th)2] 3 (2.50) 4 (a — r) - ' 
for the buy and sell respectively. Note we have used Merton's condition for interior 
maximum in (2.19) and ibis the Merton's optimal allocation. 
2.2 Option pricing with transaction costs 
2.2.1 Model 
We consider a market consisting of two investment opportunities: a risk-free asset, and 
a risky asset. The risk-free asset is generally known as a bank account, paying a fixed 
interest rate r. The evolution of the asset in the bank, So, can be expressed as 
dS0 (t) = rSo (t) dt. 	 (2.51) 
The risky asset, S1, which is referred to as stock, is modelled by geometric Brownian 
motion according to 
dSi (t) = aSi (t) dt + o- Si (t) d( (t) , 	 (2.52) 
where a and a are constants called the instantaneous expected rate of return and the 
volatility, respectively. The process {0) , t > 0} is a Wiener process on a filtered 
probability space (52,.F, P) , where .7. = {.T(t)}0<t<T is a right continuous filtration. 
We shall utilise a finite time interval [0, T}, where T will correspond to the maturity 
of a European option. A trading strategy, 7r, consists of the non-decreasing processes 
L (t) = gl ds 	and 	M (t) = fot m ds, 
which are right continuous and represent the cumulative purchase and sale of stock 
respectively. Note that 1 and in are positive and uniformly bounded by K < oo. 
Let A and p be the transaction costs incurred from buying and selling stock respec-
tively, i.e. whenever we buy stock we pay A E [0, 1) fraction to the transaction fee and 
similarly, we lose p E [0, 1) fraction in the opposite transfers. Following Davis et al. 
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(1993) and Atkinson and Alexandropoulos (2006), we let So and y be, respectively, the 
amount held in cash and the number of shares of stock held. Here So and y evolve 
according to 
dSo (t) = rSo (t) dt — (1 + A) Si (t) dL (t) + (1 — /2) Si (t) dM (t) , 	(2.53) 
dy (t) = dL (t) — dM (t) 	 (2.54) 
The evolution of (2.52), (2.53) and (2.54) imply that the trading strategies are self-
financing. 
The option price via utility maximization approach of Hodges and Neuberger (1989) 
is achieved by assuming that the writer is indifferent between investing optimally only 
in the underlying asset market with initial wealth (X,„) and accepting the initial en-
dowment of X„ and writing the option, where X„, = X„0 + C. Thus the writer's price, 
C, of the contingent claim is 
C = X„ — Xwo. 	 (2.55) 
We use the sub or superscript wo, where appropriate, to indicate quantities 'without' 
the option contract, and shall use the sub or superscript w for quantities 'with' the 
option contract. 
A trading strategy (So (t) , y (t)) E le, for 0 < t < T is said to be admissible if it 
is self-financing and X (t) > 0 for all t E [0, T]. We denote by A the set of admissible 
strategies. Here So (t) denotes the amount held in cash and y (t) the number of shares 
of stock held over [0, T]. 
First consider the portfolio exclusive of option liability, which consists of a risk-free 
asset and a risky asset. We let U (X) be the writer's utility function, which satisfies the 
properties for a risk-averse utility function. Thus U is a concave nondecreasing function 
and is a twice differentiable function with U (0) = 0. The objective of an investor is to 
maximise his expected utility of wealth at terminal time T and the value function of the 
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investor at time t is defined as 
Jwo [t, S0  (t) , y (t) , Sl (t)] = sup Et [U (X,„, (T))] , 
irw.EA 
where Et denotes the expectation operator conditional on the information at time t. 
The terminal wealth is defined by the sum of the wealth in the risk-free asset and the 
wealth in the risky asset as 
Xwo (T) = So (T) + c(y (T) , (7 )) • 
The liquidated cash value of a portfolio containing y (t) shares of the stock is 
(1 + A) y (t) S1 (t), if y (t) < 0, 
c (y (t) , S1 (t)) = 	 (2.56) 
(1  — it) y (t) 	(t) , 	if y (t) > 0. 
We define the minimum initial wealth which gives a non-negative maximum expected 
utility of terminal wealth for the portfolio as 
X„, = inf {So (0) : J 0 [t, So (t) , y (t) , Sl (t)] > 0) . 
In the second problem, we consider a portfolio similar to the previous one but in-
cluding the option contract. The value function of the investor at time t for the portfolio 
inclusive of option liability is 
Jw [t, So (t) , y (t) , S1  (0] = sup Et [U (Xw (T))] , /rillEA 
and the terminal wealth is now defined as 
X„, (T) = So (T) c(y (T) , (T)) 	C(T,S1) 
X wo (T) 	 Option Payoff 
where C (T, Si ) is the option payoff at maturity T . We assume that the option is settled 
in cash, where the transaction fees have been deducted. The minimum initial wealth 
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which delivers a non-negative maximum expected utility of terminal wealth with the 
option liability is 
= inf {So (0) : J„ [t, So (t) , y (t) , Sl (t)] > 0} . 
We can see clearly that the two problems for J„0 and L, are identical except for 
the terminal condition. Thus for clarity, we drop the sub or superscripts for the gen-
eral analysis and only indicate them when necessary. The difference between the two 
problems occurs when we apply the final condition to the partial differential equation. 
2.2.2 Dynamic programming equations 
In the previous section we have defined the problem as a stochastic control problem, 
for which we can apply dynamic programming and Ito's lemma to transform it into the 
HJB equation. Thus the problem governing the optimal expected utility of terminal 
wealth, as proposed by Davis et al. (1993) and Atkinson and Alexandropoulos (2006), 
can be reduced to finding a value function J satisfying the equation below together with 
an appropriate final condition on J. 
OJ 	So 	
OJ 	2 02 2J 
0 	0<i, 
max 	rkN)— + + 2 
6r 
Li. as?  m<tc OIL 	as 
(2.57) +i" — (1+ A>s,N1—[—aJ — (1 — ,u),si-so"il m} L ay 	aso 
for (t, So, y, 	E [0, 	x R x II8 x R. The value function J (t, So, y, Si.) has derivatives 
up to second order and is a concave, increasing function in y and So. Note that 1 and m 
denote the trading strategies that belong to the set of all admissible strategies, A. The 
optimal trading strategies are achieved by considering the following cases: 
• Buy region 
— (1 + A)SiPs. > 0 and 	— (1 — /2)Si. —8J  ay 	 aso > 0  
where the maximum is achieved by 771 = 0 and buying at the maximum possible 
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rate / = 
• Sell region 
8.1 — (1+ A)S17.--s% < 0 and '+./ — ay 	 ay (1— du)Slaso < ° 
where the maximum is achieved by / = 0 and buying at the maximum possible 
rate m = 
• No-Transaction (NT) region 
ay 	 aJ — (1 + A)Si os 0 and —aJ — (1— pt)Si--" > 0 
	
0 	 ay 	 aso  
where the maximum is achieved by doing nothing, thus l = 0 and m = 0. 
The transaction boundaries are determined implicitly by imposing the value match-
ing condition on the value function as in Monoyios (2004).1  The free boundary problem 
can be restated as the evaluation of the value function J (t, So, y, Si ) subject to 
max {AJ, LJ, MJ} = 0, 	 (2.58) 
where 
2 OJ 1 252° r, 	
" cf 1  as? 
A  j 	+ TOO as° 	asi at 
OJ 
= ay (1+  A) Si aso  
aJ 
MJ = ( 1— A) s1T-so ay 
(2.59) 
(2.60) 
(2.61) 
The four-dimensional state space (t, So, y, Si) is divided into three distinct regions. 
The regions can be described by Equation (2.59), (2.60) and (2.61) for the no transaction 
(NT), buy and sell regions respectively. 
In the NT region we allow the diffusion of the stock price to freely move within the 
boundaries. However if the stock price drifts out of this region and enters the buy (sell) 
1For the details of the value matching condition see Dixit (1991) and Dumas (1991). 
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region, an immediate transaction occurs to ensure that the state variables lie within the 
NT region. 
2.2.3 Exponential utility 
We restrict our attention to a negative exponential utility function as proposed by Davis 
et al. (1993). The utility function takes the form 
U (X) = 1 - exp (--yX) , 	 (2.62) 
" x) where the absolute risk-aversion coefficient is u  u, x) = -y, which is independent of the 
investor's wealth. The advantage in using exponential utility is that the amount invested 
in the risky asset is independent of total wealth and thus the dependence of the risk-free 
assets, So, can be eliminated. Thus the dimension of the problem is reduced by one. 
The value function for the negative exponential utility function can be written as 
'Y  J (t, So,y , 	= 1 - exp [ 	(T, t) (So + W (t,Y, 	 (2.63) 
where 0 (T, t) is the discount factor, defined by 0 (T, t) = exp (-r (T - t)) and W repre-
sents the expected value at time t of the utility-maximised wealth held in the risky assets 
at time T. From (2.63), Equations (2.58), (2.59), (2.60) and (2.61) are now transformed 
into the following PDE for W (t, y, 
where 
LW 
MW 
= 
= 
= 
max {AW, LW, MW} = 
'awt  Sj.  -rW +aSi-a-5-,-(9Wi + -12-1 0-2 
0, 
2 
(2.64) 
(2.65) 
(2.66) 
(2.67) 
Ow 
[
AW 	 T-62sWy 	i (-0—(9Wsi  
A) Si - (1 + 	+ ay 
OW 
(1 - 	- ay 
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From these equations and the final conditions at T, we have to determine the location 
of the boundaries as well as solving for the value function. The final conditions are given 
by the wealth invested in the risky asset, including any positions held for the hedging 
of options. For the portfolio without the option contract this is simply 
Wwo (T,y„,„ Si) = c(y„,, (T) , (T)), 	 (2.68) 
and for the portfolio including the option contract 
Ww (T, yw, Si) = c(Yw (T) , Sl  (T)) + C (T, Si) , 	 (2.69) 
where C (T, S1 ) is the option payoff for the European option at time T, y„,,, and yw 
denote the number of shares invested in the risky asset for the portfolio exclusive and 
inclusive of option liability, respectively. 
From the indifference argument the value function of the portfolio with and without 
the option liability should be the same thus we can write Jw = Juw. Using the negative 
exponential utility function, the option price in (2.55) can be expressed by the difference 
between the wealth in the risky assets, net of all transaction costs, of the two portfolios 
with and without the option contract as 
C (t, S1 ) = Wwo (t, 0, Si) — Ww (t, 0, Si) 	 (2.70) 
The option hedging strategy is given by yw (t, S1 ) — ywo (t, Si), which is the difference 
between the number of shares held in the risky asset in each of the two portfolios with 
and without the option liability respectively. 
2.2.4 Perturbation analysis 
In this section we apply perturbation techniques on the transaction cost parameters by 
assuming that the transaction costs are small and that they can be written as A = 
and µ = ep, where A and p, are of order 0 (1) while e << 1. We write the risky assets 
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held in the portfolio as 
y =y* (t,Si)+e3Y 
	
(2.71) 
where y* (t, Si) represents the number of risky assets held in the portfolio in the absence 
of transaction costs and Y denotes the difference when transaction costs are considered. 
The magnitude of the perturbations for the independent variables is 0 0). The choice 
of this asymptotic scaling has been found by many researchers Whalley and Wilmott 
(1997), Rogers (2004), Atkinson and Alexandropoulos (2006). 
The portfolio's wealth in the NT region can be rewritten as 
	
W (t, y, Si) = (y* + e3 Y) Si + v (t, r Si) 
	
(2.72) 
where we assume V has the expansion of the form 
V (t, Y, Si) = Vo (t, Y, Si) ± e 3 V1 (t, Y, 	± 63-v2 (t, Y, 
+eV3 (t, Y, 	+e3  V4 (t, 17, Si) + 6.3. V5 (t, Y, 	+0 (e2) (2.73) 
Note that Vo is the leading portfolio wealth excluding the amount of wealth allocated in 
the risky asset. In the case of a portfolio including option liability, the option value will 
be embedded in Vo. The functions Vp, p > 1 are the higher order wealth components, 
which arise from the transaction costs. 
From this change of coordinate, the derivatives can be written as 
i aW 	 _lay* CV) 
= 
( at),,,,, 	(Tavt)& 	Y Y,si 
- E — — 
tsi 
(my) 
a 1 t,s, = s
i +e-i (E y 	 a ) l/ t,si 
Casg0 of = y* + 61 y 
6-1 Lei (aalf 1,si + (aa SV1)t Y 
(02w\ 	(ay*\2 (82n 	 ' _2 
= asf )ty 	6 3 asi) 	ay-2)i,s, 
[02y* ov)  
+ 	2 ay* a2v  
as? '9/7 	asi 8170,91)t 
 
(49217\ 
as?)t,y 
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where the subscript denotes the variables which are to be kept fixed. 
• Transaction Boundaries 
On the boundaries between the buy region and the NT region we must satisfy LW = 
0. Thus from (2.66) we require 
, aw ,, - 0. + ex) oi + — = u ay (2.74) 
on the buy boundary. After applying the change of coordinates, and substituting in 
Equation (2.73), we equate terms of the same powers of c3: 
avo 
ay 
avi  
aY 
av2 
ay 
av3 
aY 
ay, 
ay 
av5  
aY 
= 0, 
= o, 
= 0:,s1,   
= 
= o. 
(2.75a) 
(2.75b) 
(2.75c) 
(2.75d) 
(2.75e) 
(2.75f) 
On the boundaries between the sell region and the NT region we must satisfy MW = 
0. Thus from (2.67) we require 
aw (1 - Ep) si - —ay = 0 (2.76) 
on the sell boundary. After applying the change of coordinates, and substituting in 
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Equation (2.73), we equate terms of the same powers of e3: 
avo 
ay 
ay' 
ay 
av2 
OY 
av3 
aY 
av4 
OY 
av5  
ay 
= o, 
= o, 
(2.77a) 
(2.77b) 
(2.77c) 
(2.77d) 
(2.77e) 
(2.77f) 
From (2.75) and (2.77) we can conclude that Vo, V1, V2 and V3 are independent of Y. 
The free transaction boundaries, given by LW = 0 and MW = 0, to order E are (2.75e) 
and (2.77e) respectively. 
• No-Transaction Region 
We apply the change of coordinates to Equation (2.65), which gives 
ay 	 ay- av 	r 0 	_ _ at 	at ay r [(Y*Si + V) ± elYSi] 
+asiE-e-i yfav + (y* + 	+ 
1 2,2 _/ (ay*) 2 a2v +Cr 	E 3 as, ay2 
( 52 y* a y 	ay*  a2v 	a2v 
+ 2as, aYas,) + asi f 
17 2 2 { _a 	( ay* av\ 2 	 ay* av , aV  
2 (Ts u 	E 3 E 1` asi ay V m as, j 
	
+ HY 	+ 
ay* ay ( 
+ 
* av)2 ] 
-Fei [2Y (y*+ aVi )] + El (Y 2 ) } (2.78) 
We then substitute in Equation (2.73), and collect the terms of the same powers of 
1 	 2 	 1 E3 . The 0 (c-.) equation and the 0 (e—d) equation are simply differential equations 
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for Vo and V1 respectively with independent variable Y. From the boundary conditions 
we find that Vo, VI , V2 and V3 are independent of Y. Thus the differential equations are 
satisfied automatically to 0 (6-i). 
The 0 (1) equation 
0 =
Ot r (Y 	Vo) + aSi (Y* 	 ° ) 
(WO 2 2 [32170 7 ( * 
,75 	051  +-215. S1 —2-495).  )2] (2.79) 
The 0 (60 equation 
o = 	- r(Ys, + vi) + as, 	+ 514 ) + 1(72S2 ( 0
OS
2171) at 	 as, 2 1 ? 
2 n2 „ avo \ 	, avi\ 
cb"1  V + as, ) 	as, ) 
The 0 (El) equation 
49172 	2 2 [ ay* ) 2 52-1,-, 	02172 0172 , 0 = 	— r v2 + 	+ -o 	— 	" + at 	as, 2 as, 3172 asl 
	
av2 	avoi 1' - 	2 02 1( * L 8170 
0°- 	RY m as, as,'as, ) 
The 0 (6) equation 
.9173 Oy* OV4 	 (_ ay* 	5v3 \ 
0 - rV3 + aSi at 	at OY as, ay as, ) 
X252 [ y*) 2 02 V5 (2 ay*  32174  + 02y* OV4 	82173 ]  
+2 	 1 as, ay2 	as, ayas, OS? OY 	as? 
„2 02 —F., 01 Ky* 797981 01. ) 	(Y+ 80411) 517211 
(2.80) 
(2.81) 
(2.82) 
We solve these equations separately subject to the terminal conditions (2.68) and 
(2.69) to find how the transaction costs affect the portfolio's wealth for both portfolios, 
without and with option liability respectively. The option price is obtained by comparing 
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the maximised utility of wealth with and without option liability. 
Note that from (2.70), we require to liquidate our portfolio, i.e. setting y = 0, 
in order to calculate the option price. When y is zero, this implies that the portfolio 
position is in the buy region. Thus we need to find the value function in the buy region, 
which can be determined by integrating (2.74) with respect to y to give 
W (t, y, Si) = (1 + EA) Sly + VB (t, Si; 6.) 
From the continuity condition this must be the same as the value function inside the NT 
region, thus matching this with (2.72) and using (2.73), we find that the complementary 
function VB (t, Si; 6) is 
V B (t, Si; 6) = Vo (t, Si) + E 3  V1 (t, 	+ 631/2 (t, 	+ E (V3 (t, S1) — ASiy*) 
+et (174 (t, Y, Si) — YtSiY) + El 175 (t, Y, Si) + 0 (E2) 
and 
W (t, o, si) = V B (t, ; 6) 
Finally, the option price inclusive of transaction costs in (2.70) can be expanded as 
C (t, Si) = [Vo" (t, Si) — Vow (t, Si)] 
+El [Vi" (t, Si) — Viw (t, Si)] + E3  [Vr (t, Si) — v2w (t, Si)] 
+E { [173° (t, Si) — 	[v? (t, Si) — 5,5"0-,td } + 0 (c1) . 
(2.83) 
2.2.5 Vanilla call option 
In this section we show how we can apply the perturbation technique to calculate the 
vanilla call option for the writer, where the payoff is given by 
C(T, S1 ) = — max(Si — K, 0). 
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Thus the portfolio's wealth excluding the risk-free asset at terminal time can be 
expressed as 
Wwo (T, Ywo, Si) = C (YWO7 Si) 7 	 (2.84) 
for the portfolio without option liability and 
Ww (T,  Yw7 S1) = 1-(S1<K)C (Yw, S1) + 	>K) [c (Yw — 1, Si) + K] 
	
(2.85) 
for the portfolio with option liability, respectively. /A is the indicator function for the 
event A and c (y, Si) is the liquidated cash value of the portfolio (2.56). 
To get the terminal condition for each order of si, we expand terminal wealth as 
described in the previous section with (2.72). The terminal condition for the portfolio's 
wealth without option liability is found to be 
0 (0) : 	Vow° (T, Si) = 0 	 (2.86a) 
O (ci) : 	Vi"° (T, Si) = 0 	 (2.86b) 
0 (el") : 	(T, Si) = 0 	 (2.86c) 
O (e) : 	V° (T, Si) = 	
YttoSi 	for y < 0 
3w 
 
(2.86d) 
—PytoSi for y > 0 
Similarly, the terminal condition for the portfolio's wealth with option liability is found 
to be 
0 (e° ) : 	Vow (T, Si) = — max (S1 — K, 0) 	 (2.87a) 
O (e 3) : 	V1 (T, Si) = 0 	 (2.87b) 
O (e 3) : 	I/2 (T, Si) = 0 	 (2.87c) 
0 (c) : 1 	;s1<it-)4.41`05). + i(Si>it") A (y/,,`, — 1) Si Vs (T, Si) = 
—1(S1 <K)IIV ILS1 I(S1>K)tt (yt — 1 ) Si 
for y < 0 
for y > 0 
(2.87d) 
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The 0 (1) and 0 (613) Equations 
We observe that the value function of the portfolio's wealth to order el, (2.80), can be 
rearranged as follows 
avl 0 = 	 avo avi 1 2,2 52v:  — rVi + [aSi — 2o-2S? (Y* --05,3] —asi +-2 u —1 asi at 
av 7 + [(a — r) — —cr22  (y* 	o + Y, (2.88) 
which has a term proportional to Y and one independent of Y. The term proportional 
to Y must be zero and this gives the optimal trading strategies as defined by 
* 	q5 (a — r) avo 
Y 	(72S. 	asi • (2.89) 
We can now recall the 0 (1) equation in (2.79) with the optimal trading strategy, it 
becomes 
a vo 	avo 1 2 a2vo 	0 (a — r)2 
at + roi— OSi 2 
a2 	rv 0 = 2 7 	0.2 	 (2.90) 
This equation is similar to the Black-Scholes equation except for the inhomogeneous 
term, which arises from the preference-based investment decisions in the investor's utility 
function. The general solution to the inhomogeneous equation in (2.90) is any solution 
satisfying Black-Scholes equation plus a particular solution, q, of the form 
(a r)2 
VoP = (T t) 2 
0 
7 0-2 (2.91) 
In order to find the option price to this leading order, we apply the analysis to both 
portfolios, with and without the option liability. The terminal condition to this leading 
order in the portfolio without and with option liability are given by (2.86a) and (2.87a) 
respectively. From (2.70), the option value to this order is simply the Black-Scholes 
value 
V0 (t, so = vow° (t, Si) — 	(t, so =V BS (t, Sl) , 	 (2.92) 
where V BS (T, Si) = max (S — K , 0). Note that the two particular solutions cancel each 
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other out during the subtraction. 
The optimal hedging strategy, y'7,, which can be found in the same way as the option 
value, is the difference in the number of underlying assets held in the portfolio with and 
without the option contract and is given by 
(t, Si) = 	(t, Si) — ytvo (t, S1) = 
avow 	 (2.93) 
where yii,* (t, 	= (:2—sri) 	8.40-51  and yw*0 (t, Si) = (a2—sr) . This clearly shows that the 7 a 
leading order hedging strategy is the Black-Scholes delta value. 
Using the optimal trading strategy (2.89), we find that the 0 (el) becomes 
ea
t rv, o avi , 1 2 	 2 i  + 	1- 0- at 	asi 2 as? - (2.94) 
with the terminal condition in (2.87b) and (2.86b) for both portfolios with and without 
option liability respectively, i.e. VI (T, S1) = 0. Thus, the value function at this order is 
identically zero 
Vi (t,Si)=0 
for both portfolios. This implies that the perturbation correction to the value function 
does not appear at this order. 
The 0 (Ei) Equation 
We substitute the optimal trading strategy, 	into the PDE (2.81) and simplify to give 
52 v4 
Gii T1-, 2 + H11Y + GBs (V2) = 0, 	 (2.95) 
where G11 = la2S? (N) 2 H11 = 102 ST and LBS (V2) denotes the Black-Scholes 
operator 
2  ay.2 1 	2 49v2 	av2 rEis (v2) = —at + -2-cr
2  asi +rS1 5,1  —  r172. (2.96) 
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The free boundary conditions are 
buy boundary: 
sell boundary: 
. 4., = 
A
c 
OY 	131  
LVA = _ (1 oy 	Pol 
on Y = Y_, 
on Y = Y+, 
(2.97) 
This is a free boundary problem since the boundaries are unknown and must be de-
termined as part of the solution by imposing suitable smoothness conditions. The first 
derivatives must satisfies (2.97) and the second derivative must be zero on both trans-
action boundaries, i.e. 
buy boundary: 
sell boundary: 
gt =0 on Y = Y_, 
Pi .. 0 on Y = Y+. (2.98) 
Equation (2.95) is an ordinary differential equation for V4, which can be integrated 
to give 
V4 (t, Y, S1 ) = 
1 	(11-11174 
+ 
' C B S 
2
(V2) y2) + aY + b.  - 
Gil 12   
From the condition (2.97), we can see that continuity on the transaction boundaries 
is ensured by having 
1 	(- Gn 311 173  _ + LBS (V2) Y-) + a = 151 	 (2.99) 
and 
1 	H11173 . P 	IT 7 \ 17 - 	(-, X+ -r- A...B s k v2) / -1-) + a = --12,91.• Gil 	'3 
(2.100) 
- This implies that a = ( T/) 2 Si. 
Similarly, the second derivative conditions (2.98) give 
LBS (V2) = —H1131 	 (2.101) 
Note that the transaction boundaries are symmetric i.e. Y+ =.- -Y_. Thus the second 
derivative conditions are the same for both boundaries and for compactness we can write 
them in one equation without loss of generality. Eliminating LBS (V2) by substituting 
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(2.101) into the first derivatives condition we have 
and 
_ Y = 
Y + = + 
Gil 	(A+r-1 S  ) 
i. 
] 3  
1 
3 . 
[3 	 i 2 (—H11) 	2 
Gil 	(A ± T)
Si 
[3 
2 (—H11) 	2 
I 
Substituting Y_ or Y+ back into (2.101), we arrive at 
av2 + 1G-2 	2 s?a2v2  +rsi av — rV2 = f (t, si) at 2 as?. asi  
where 
(2.102) 
(2.103) 
(2.104) 
1 	 2  3 
1 [3 (7\ 2 s4u3  (A ± il  f (t, SO 	2  = -- ) 1 2 
13 
(7)
1  54 3  + To
] i 
= 	'-.2 --,i1) IU 2 
4 
( aq 3  asi 
( q5 (ce — r) 02 V0 4 
7 (r2s? 	as? ) (2.105) 
Equation (2.104) must be solved with the terminal condition V2 (T, Si) = 0, as found 
in (2.86c) and (2.87c) for the two portfolios. However, the RHS of (2.104) are different 
since the optimal trading strategies are not the same for both portfolios without and 
with the option liability. Thus we have to distinguish between the two problems. 
We first consider the portfolio without option liability. The terminal condition of 
Vow° is independent of Si, therefore f' (t) simply reduces to 
1  4 
fWO 
(t) = g I 0 + 02 (au2 	r)] 3  
Thus the PDE for V2" can be written as 
av— ± 1 2s? 02v2w0  -I- rSi 2 	rV21" = aV" 1 0 [ 9  (jk + TO 2 	( a — 1  4 
 
3at 	2 U I  as? 	as, 2 7 16 	a2 	. 
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The solution for this equation with zero terminal condition is 
4 
V2" = 	2 	[1
9  — t) 0 	w 2 (a r) 1 3 
• (2.106) 
	
'y 6 	 ]  
The reader should be reminded that 0 = exp (—r (T — t)) . 
The RHS of the portfolio with option liability is a function of Si , thus we require to 
solve the following PDE 
av2w 	( 72s2 a2v2w 	av2w rv2 fw (t, 	, 	(2.107) at 	2 	1 asl 	
rsi 	w 
as, 
subject to the terminal condition V2 = 0. This PDE is similar to the heat equation but 
it has more terms and also in backward form. We can solve (2.107) by transforming into 
the heat equation with the following change of variables: 
x = ln (Si) , 	= T — t, 	'V2" (t, Si) = V2w (T, X). 
The non-constant coefficients terms multiplying azvw 	ea and in (2.107), are removed asi 
and we are left with 
a.Kw 	== 2) 0V2 	
2 axe 
w _2 2 z  rV2w ± — x - a, 	2 	a (2.108) 
Apply another change of variables to remove the terms multiplying 17-2w and c2; , with 
the following transformation 
V2w (T, x) = exp (ax )3T) ITT (T, x) . 
After differentiating (2.108), this yields 
-61-72w Aw + (7- - .5) (a ff2tv + 4va  or 
-{- a2 a2V2w + 2 a a l'2w + a 2 Cfw 2 	r f/2w 2 	 ax 	ax2 
= exp (—ax — 13r) r (7- , x) . (2.109) 
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We choose a and ,F3 to eliminate the V2w and If- terms as follows 
1 (•• Et = 0-2 	
1) , 
2 
Thus Equation (2.109) reduces to 
af'7w 0-2 a2f7- 	fw ( r, x ) 
ar 	2 ax2 (2.110) 
for - co < X < 00 , 0 < T < T 
subject to the initial condition V2(0, x) = 0, where fw (7-, x) = exp (-ax - 73r) fw (T, x). 
The solution to (2.110) is given by 
1°3  --fw (T', x') 	1 (x — V2 (T, x) = exp [ 	 dx'dr'. 
i-PC) aV27r (T - r') 	2 a-2 (T - T') 
Substituting back and retracing the steps to find the value of V2 (t, Si ) , we finally have 
T 	 f CO 	 5,!. ) 	 X2 dS,' 
V2w (t , Si) = 1'   exp [-r (t' - t)] exp (--=) ----=de, 	(2.111) ft 	.1 	
_fW (t/,  
„, a V2ir (t' - t) 2 	Si 
in(1,),-)+ (r- 2) (t' —t) 
where x = 	`  a Oti —t) 
The correction to the option price at this order is 
V2 (t, /91) = V2w° (t, S1) — V2w (t, S1) , 
where V2° and V2 are defined in (2.106) and (2.111) respectively. 
The 0 (e) Equation 
We can still apply the analysis to this order, however, for simplicity we consider the 
special case where the transaction costs for the purchase and the sale are equal, i.e. 
= 	
_10'2 ( 2r 
4 2 	(72 + 11 
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A = /..c. The PDE to this order is 
0 	=.
10.282 ( ay* 2 a2 V5 
2 	1 	as, ) 8y2 
ay- 8v4 	ay*  8V4 1  2 2 ( aY*  a2v4 	82Y* 0174 
at 017 2 
rS1 as, ayas, + as? ay ) 
7 2 2 Y 0V2 
asi  
ay, 	„2 02 	, +— + roi— as,  + 2 a  b1  OS? T V3, at  (2.112) 
which is an ODE for V5 with p„- = 0 on the boundary Y_ and Y. We integrate (2.112) 
over the NT region that is from Y_ to Y+ and simplify, which gives 
2 ay 
at 	as, 
, , 	av3 , 2 2 02(9 
as
173 -r r — -r 	oi 	rV3 = O. ? (2.113) 
Note that fil,P+ aY4dY = 0 since 	is an odd function in Y. 
Similarly we integrate the terminal condition for both the Vr and V? in (2.86d) 
and (2.87d) respectively, when A = it, and these conditions reduce to 
V3 (T, Si) = Ti
O (a 
a2
— r) 
'Y  
where the conditions y > 0 and y„,* is used. 
The solution to (2.113) with this terminal condition is simply 
V3 (t, Si) = 1,1° 	r)  (2.114) 
The option price (2.83) for the plain vanilla call with the effect of transaction costs 
is given by 
av BS ( 
C (t, S1 ) = V BS (t, S 	e3 [V2" (t , S1 ) — V2 (t , S1)] + J1/4Si 	as Si) + 0 (Et) 
(2.115) 
where V BS (t, Si ) denotes the vanilla call option price excluding transaction costs with 
the payoff VBS (T, Si ) = max(Si — K, 0). The effect of transaction costs on the price of 
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Time 
Figure 2.1: The effect of transaction costs on the price of a vanilla call with the following 
parameters: r = 0.085, a = 0.1, u = 0.05, -y = 1, ). = A = 0.002, S = 19, E = 20 and 
T = 3. 
a vanilla call as a function of time to expiry, similar to Whalley and Wilmott (1997), is 
illustrated in Figure 2.1. The effect on option price to different orders is shown separately 
and the total effect upto order e is represented by the bold curve. The parameters used 
are the same as in Davis et al. (1993) and Whalley and Wilmott (1997). Here, the 
integral in (2.111) is evaluated with Haselgrove's numerical integration as described in 
Appendix 2.B, while Whalley and Wilmott used an explicit finite difference scheme. 
Appendix 2.A Derivation of the governing equation 
Here we show how the perturbation term of the value function, V, is derived by subtract-
ing (2.17) from (2.12). We begin by using the definition of e .e+ E and V = V + V 
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and write the equation AV = 0 in full as 
0 = U (a* + - 	+ +[-FcvafT 	si + 	v.o ][rso - (a* + E)] 
of/ aV +aSi [(1 — p) 	075,1  
 
0-2s? (1 	02-17- 02v- 
± 2 	[‘' 11)2 OW2 ± OS? 
  
 
(2A.1) 
  
Using So = [1 — (1 — /Ow] W and Si = wW, we have 
0 	= 	U (6* + - ( 7. + fi) + -6 ,747( 9 12- fr [1 — (1 — p) w] W — (6* + Ell 
of/ 6y,  + EA+ awW (1- p) aW  + ceS1as1  
0.2w2w2 	82V  0.2s2 0217 
2 	(1 11)2 aw2 + 2 1  OS? 
The allocation of the asset can be written as w = 	tD, which gives 
(2A.2) 
0 	= 	U (6* + a) — (17 + v) + y.147(917  { r [1 — (1 — p) + 	W — (e* E)} 
OV 	 OV + 50 [rSo — (a* E)] ± a + W (1 — /1) Off + aSi 
as 
0.2 (b tr1)2 w2 	02-(7 	0.2s? 0217 
+ 	  2 	(1 /1)2 8W2 + 2 OS? 
(2A.3) 
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Upon rearranging we get 
0 = U (a* + - 	+ + 	+(a-r) tid W 
_4_ (72 11)2w2  .92f/  
2 - aw2 
°CT {[-µ(a - r)th + (a - r) (1 ti,)7D1W 
av 	 ay +—aso [rso - (a* + E)] + aSi aSl 
OrI 	 5217' -FT2b2 k-2kt /22) w2 aw2 
(2einp+2-v2 ) (1 -)2 w2 	 aw2 
±0-2s  (92v 
2 as? (2A.4) 
A Taylor series expansion is applied to the utility function about Merton's optimal 
consumption, while we also use the conditions for an interior maximum in (2.18) and 
(2.19) for simplification. This gives 
0 = U CO*) + aw + cUll (6*) - (1^7 + V) 
afr + 	f [r + (a - r) W - el + 51b2W2 aw21-I2 
- [-02  + (1 - / 7i )-i] Gr2w2- f,via2V cawf7  
av va 
+& So 	- + E)] + S as	 asi 
172 
-1-71/2 (-2/./ + it2) W2 021'7 2 	 aw2 
+ —2 (2%1)4 + tD2) (1 -11)2 W2°217' aw2 
+0
.2 s? a2V  
2 as? (2A.5) 
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Finally we subtract (2.17) from (2A.5) and simplify to give 
0uq, (a.) _ 	av r aso irSo — ( a* + .a)] 
al-7 	.7 2 s? 19217 	u2 
asi -I- 2 OS? + 2 
_ 12) inpu2 W2 ;621'7' + 
1.12w2 02.17.  ow 2 
u2 	 (92c7 (1 	it)2 w2 
2 aw2 (2A.6) 
Appendix 2.B Numerical integration by Haselgrove's method 
In section 2.2, the solution for 
T 	oo - ftv (t ',SD 	 x 	i2 ) dS v2 (t, S1) = f io o V27 (t' - t) exp [—r (t' — t)] exp (-7  
in (2.111) is given as an integral formula, which can be evaluated by numerical integra-
tion. In this section, we describe Haselgrove's method, which can be applied easily and 
accurately in higher dimension. 
To perform the integral evaluation, we require to rescale the region of integration to 
make it the unit hypercube. This is done by splitting the ,% E [0, oo) into subintervals 
[0, Z] and (Z, oo), where Z can be chosen so that the integrand has different behaviour 
on the two subintervals, i.e. the peak of the integrand should occur in [0, Z] while (Z, oo) 
just contains the decay to zero. For simplicity, we choose Z = K, the exercise price. 
We perform a separate change of variables on each of these two subintervals to 
convert them into the unit subintervals [0,1]. The first change of variables is xf, 
which transform Si E [0, Z] to xc. E [0, 1]. The second change of variables is x2 = , 
which transform Sc. E (K, oo) to x'2 E [0, 1]. For the time domain, we do not need to 
split the region and the following transformation is applied 
T — 
x3 = T — t' e E [t,T] 	X13 E [0, 1] 
1 fl 
10 0 
e (x1, x2) dxidx2 
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Using these transformation, we can write 
1 I  — t)  {1 (T 1 1 	 f  
o v2w 
— a- V 2,7 	
g (x i , x3) dx iclx3 	h (x2, x3) dx 2dx3} 
0 0 	 0  
(2B.1) 
where 
   
g (4, x3) 	— f (T —
c ( 
x'3 (T — — x 
t'3) 
 ), Z xc. ) exp  r (T — t) (x3 — x311 
xx 3  
 
 
1 
 1  ln (-9-) + (r — 4) (T — t) (x3 — 4) 2 
2 	cr-V(T — t) (x3 — x3) 
 
x exp 
 
 
 
  
and 
h (x2 , 4) 	
— f (T — x3 (T — t) , 
	 -2)  exp 	(T — t) (x3 — x3)] 
x 2 (x 3 — 4) 
1 [ln (10 + 	4) (T — t) (x3 — 4)] 
x exp 
2 	UV (T — t) (x3 — x3) 
Note that the function f is defined in (2.105). 
Equation (2B.1) contains an integral of unit hypercube of the form 
which can be approximated by applying an efficient numerical multiple integration as 
suggested by Haselgrove (1961). The approximation is given by the formula 
     
)} 1 i=1 0(0,0)+2E0(2 j=1 
0772\ 
,2 \ 2 / (Q+1) 
Here (e) denotes the fractional part, lying in the range 	11 of a real number, Q is 
the number of iterations to improve the accuracy of the method. The values of qi = 
0.62055505 and 772 = 0.22610245, which are found by an optimisation routine, are given 
in Haselgrove (1961). 
Chapter 3 
Multi-asset portfolio selection 
with transaction costs 
3.1 Introduction 
In this chapter, we consider the optimal portfolio selection and consumption rule of an 
investor who faces proportional transaction costs when trading multiple risky assets. The 
investor's objective is to maximise the total utility of consumption over an infinite time 
interval. As the portfolio under consideration consists of multiple risky assets, which 
makes the numerical methods formidable, we apply perturbation analyses. We also allow 
the risky assets to have correlation between their price processes. The objective is to 
transform the singular stochastic control problem which arise from the transaction costs 
to a free boundary and partial differential equations problem. Once the problem has 
been formulated we establish the transaction boundaries that define the no transaction 
region and dictate the optimal investment strategy. 
We begin by describing the mathematical formulation of our problem. We then 
derive the general governing equation for the new value function with the inclusion of 
transaction costs. The impact of the correlation between the price process of the risky 
assets are examined by applying the perturbation analysis on the correlation coefficients. 
We provide an example for a portfolio consisting of two and three risky assets. A general 
procedure for solving N risky assets portfolios is also described. 
54 
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3.2 Transaction costs model 
We consider a market comprising two investment opportunities: a risk-free asset, and 
risky assets. The risk-free asset is generally known as a bank account, paying a fixed 
interest rate r. The evolution of the asset in the bank, So , can be expressed as 
dS0 (t) = rSo (t) dt 
The risky assets are commonly referred to as stocks. The price processes, Si, for the 
N risky assets are modeled by correlated geometric Brownian motions according to 
dS (t) = aiSi (t) dt 	iS (t) d' (t) 
for i = 1, N, where ai and of are constants called the instantaneous expected rate of 
return and the volatility, respectively, of the ith risky asset. We will consider only stocks 
with ai > r. The processes {(i (t) , t > 0}, for all i = 1, 	, N are Wiener processes 
on a filtered probability space (C2, .F, P) , where .7.  = 	(t)} t>0 is a right continuous 
filtration and pig is the instantaneous correlation between d(i and dCj. We denote by 
o-ij 	pij ai o-i the (i, j) entry in the N x N variance-covariance matrix E, which is 
symmetric and positive definite, a = [ca l , a2, 	, aN ]T is an N-vector. 
Initially, the investor invested xo dollars in the bank account and the amount xi 
dollars invested in the ith stock, i.e. Si (0) = xi, for i = 0, 1, 	, N. The investor must 
choose an investment policy consisting of three .Ft>o-adapted processes c, Li and Mi  
to maximise their objective. The consumption process, c, must be nonnegative and 
integrable for any finite time t, that is 
c (t) > 0, 	f c (s) ds < oo 	for all t > 0 
0 
The non-decreasing processes Li (t) and Mi (t) are right continuous and represent the 
cumulative purchase and sale of stock i on [0, t] respectively. We can also write Li (t) = 
fo li ds and Mi (t) = fo mi ds, where /i and mi are bounded by IC < oo. Let Ai and pi be 
the transaction costs incurred from buying and selling stock i respectively, ie, whenever 
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we buy stock i we pay Ai E [0,1) fraction to the transaction fee and similarly, we lose 
ui E [0,1) fraction in the opposite transfers. With these consumption and transaction 
policies, the evolution equations of wealth in the risk-free and risky assets are given by 
di% (t) = [rSo (t) — c (t)] dt + E[_(1+ Ai) dLi (t) + (1 — 	dMi (01 	(3.1) 
i=i 
and 
dSi (t) = aiS (t) dt + a- iSi (t) clCi dLi (t) — dMi (t) 	 (3.2) 
Here Ai represents the commission for purchasing of the ith risky asset while gi is 
the commission from the sale of the ith risky asset. We note from (3.1) and (3.2) that 
purchase of dL i units of ith stock requires a payment (1 + Ai)dLi from the bank, while 
sale of dMi units of ith stock realizes only (1 — pi )dMi in cash. All the proceeds from 
sales of a risky asset go to the riskless asset while all the purchases are financed by 
withdrawing cash from the riskless asset. As a consequence of this, it will never be 
optimal to buy and sell the same asset simultaneously. 
We assume that there is no borrowing and no shortselling. The investor's holdings 
in bank and stock i at time t are denoted by xo (t) and xi (t), for all i = 1, . . . , N and 
these are constrained to lie in the closed solvency region, which is defined as 
S = 	x = (xo, xi , • • • , N) E RI4 +11 
Note that subsequently we use Si (t) and xi (t) interchangeably for the dollar values of 
the asset Si. An investment consumption policy (c, L, M) is said to be admissible if the 
bankruptcy time T = inf {t 0, (So (t) , Sl  (t) , • • • , SN (t)) S} is infinite. We denote 
A to be the set of all such policies. The objective of an investor is to maximise, over all 
policies P in A, the discounted utility of consumption 
J X (P) = E. f e—gst U (c) dt 
where E. denotes the expectation given that the initial endowment is x and is a positive 
0 = 	max {U (c) 
oxo (rxo 
DV  
+E av , _ o, xi vtixi 	— mi) i=i 
— cb • V (x) 
c) + E(-(1+ Ai)/i + (1 — ,ui)mi)1 
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discount factor and U (c) is a utility function, which is a class of HARA functions, defined 
by 
U(c). —7 , 	0 < -y < 1 
Here -y represents the relative risk-aversion coefficient and describes the investors risk 
preference. 
The value function V is defined as 
V (x) = sup </), (P) 
PEA 
Due to the presence of the transaction costs, this is a singular stochastic optimal control 
problem. 
3.3 	Perturbation model for small levels of transaction costs 
In the previous section we have defined the problem as a stochastic control problem, for 
which we can apply dynamic programming and Ito's lemma to transform it into the HJB 
equation. Thus the optimal portfolio allocation with transaction costs as proposed by 
Davis and Norman (1990), Atkinson and Al-Ali (1997) and Atkinson and Mokkhavesa 
(2004) can be written as 
52v 
i • ixj axiaxi 
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where c, li, and mi denote the consumption rule and the investment strategies that 
belong to the set of all admissible strategies. The maxima are achieved as follows: 
U' (c*) = OV 
O
„ , 
X0 
if> (1  + Ai)e axi  li = 
817 n ; 
ax < (1 + Ai);gi-T; 0 	 xi 
and 
mi 
{k if 
= 
0 if 
gxV. 	( 1 _ pi ) gsvo 
aV axi i > ( i _ pi) ago 
The problem can be restated as the evaluation of the value function V (x) subject 
to 
max 
 {
AV, max LiV, max AV} = 0 	 (3.3) 
1<i<N 	1<i<N 
where 
axAV = U (c*) — V (x) —axo (rxo 
OV 1 N N + 	aixi — + — E 
axe 2  i=i i=1 j=1 
together with: 
a 	av Ly =v ( 1 + A') axo axi 
aV OV 
MiV = (1  — Pi) 	axi 
The value function V (x) is the optimal expected value function as conceptualised by 
Bellman's principle of dynamic programming. This value function, once determined, 
allows us to find the optimal consumption as well as the free transaction boundaries. 
The transaction boundaries are determined implicitly by the conditions, LiV = 0 holding 
on the buy boundary of asset i and MiV = 0 holding on the sell boundary of asset i. 
We apply a perturbation technique, assuming that the transaction costs are relatively 
(3.4) 
(3.5) 
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small compared with the size of the transaction of a particular asset. We also note that 
when the transaction costs, Ai and pi , tend to zero, the problem in Equation (3.3) reverts 
back to the NT costs problem as stated by Merton's original formulation. Hence, we 
choose to perturb about Merton's value function, Merton (1992). 
We define the total wealth, W, to be the sum of the wealth in the risk-free asset and 
the wealth in stock after the transaction costs have been paid: 
W = Xo 	(1 — xi 
i=1 
Then the value function V (x) of (3.3) can be written as 
V (x) = V (W) + V (x) 
where V (W) satisfies 
= {max} { U (a) — • V (W) + 	 r + 	(ai — r) wi] W — e,wi l i=1 
N N 2 02Vw  +2 	2  CT 	j  avv2 
i=1 j=1 
This is Merton's problem without transaction costs, where the correlation between risky 
assets are present. We want to maximise this with the control variables a and wi for all 
i = 1 to N. The conditions for an interior maximum are 
af7 
Er' (a*) = ow  
and 
N 	 ,921^7 
(Cti r) W— + cvoiw2 	=0 ow 	 WW2 
The optimal consumption, a*, and the optimal weights, 2Ui, of the i th stock when the 
(3.6) 
(3.7) 
(3.8) 
(3.9) 
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transaction cost is zero are 
=. 	0 	[(a — r)T E-1 (a — r) 	r  ]} w 
1 — -y 1' 	2 (1 — -y)2 	1 — -y 
and 
= 
1 —
1 
-y 	
(ct — r) 
respectively, where * is an N-vector and T denotes the matrix transposition. The 
readers are reminded that E is the variance-covariance matrix of the risky assets. 
It is more convenient to express the investor's portfolio choices in terms of the fraction 
of wealth, wi, which he allocates to the risky asset i. Using xi = wiW, the proportion 
of wealth invested in the risky asset i can be expressed as 
 
W — Xo — E (1 _ pi) x3 
i=i, 
Joi  
(1 - pi)w 
 
Wi = (3.10) 
If we subtract Merton's value function (3.7) from AV = 0, we can arrive at the 
governing equation for the perturbation term of the value function, V. In order to 
simplify the equation we use (3.10). We also expand the utility function about Merton's 
optimal consumption a* by using Taylor series with the assumption that a.  >> c. We 
represent E for the perturbation from Merton's optimal consumption with NT cost: 
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c* = a* + c. The governing equation for V is found to be 
o = Eu" (e) + (0) — ofT 2 
a fT. (N 
r) 7/41V) 
+—(9„17 (rW (1 — (1  — wi) — a* — E aux° i=i 
CtiVA VY aV 
OXi i=1 
N N 
1 	 a2f/' 2_, E 
i=1 j=1 
N N 
492f/  +2 2_, Lai.; (tbovi  + 1:1) i to i ) W 2 aw2 kI i - itj i=1 j=1 
N N 
	
Nx----N 	 2  a2C7  -I-2  L., 	(thecui ) w ow2 (1 Ai) (1 — i=1 j=1 
N N x•—•k--. 	w2   a2v  
axi ax;  i=1 j=i 
(3.11) 
where Equation (3.8) and (3.9) have been used. The free boundary conditions of (3.4) 
and (3.5) become 
av 	 av 
Ly = (Ai + + A — (1  + Az) oxo OW  
, 	av MiV = (1 — Ai) axo — axy 
In order to solve for V, the independent variables xo and xi are perturbed about xo 
and "Xi respectively. They can be expressed as 
xo = 
N 
= 	— 	(thi + ,110) (fk + 
i=1 
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and 
Xi = xi + 
= (tbi 	(TIV + W) 
where Xo and Xi are Merton's values given by "tho = (1 — 	 and 'Xi; = 
This implies that 
N 	 N 	N 
A) = _ E,Difk + 0. _ E ?Tow 
i=i 	i=i 	i=i 
i 	= ,iiilk + ( thi + ti,i)w 
By assuming that the transaction costs, A and p, are small we can rewrite them as 
A = eA and a = 6/q where e << 1 with A and T.1 as o(1) constants. Next we need to 
ascertain the perturbations on the independent variables and the value function, so we 
write wi = 	W = W + eCW and xo = Xo + 6C- "Xo, and let the value function 
have the form V = 1-7 + A +E iN_i Hriiii + 	. To find the relationship between and 
77, first we substitute these perturbed variables back into (3.11). Then we collect the 
terms with equal order of e and equate them to zero while conserving the conditions 
for the buy and sell boundaries up to this order. By using (3.9), terms of order cC are 
eliminated thus requiring the terms of order gC to be balanced with en-2C, from the 
0212 term as  n 	. Concurrently, to satisfy the buy and sell conditions, we need to balance 
the terms of order e with those of order en—C. The above process gives ( = s and 7) = t. 
Thus, the perturbed variables are A = e s  xi , wi = ENfoi and W = E.N W. We can also 
write A (1 — 	= foilk +tbi E31\!_oji +o (E 
2
). To help simplify our analysis of the 
problem, we perform a change of variables on the value function such that 
f(tpi,•••,thN) 	 (3.12) 
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which implies the following: 
a9 	1 N-, al 
axi = fT7 
p=1 P 
and 
a2v- 	N N 
aAaci 	T;i72 EE aff, 	aw (Sip — ti.)23 (6.jq - w4 )  p=1 4=1 P 
for i, j = 1 to N, where 5ii is the Kronecker delta.1 Also we note that 
 
N - aV E (9/ (-thi)  
ai W 
(3.13) 
because we have N (1  7i)i) 7bi 
IDi =  	 • + 0 (6i) 
W • 	• 3 3=0,30T 
 
1The Kronecker delta is 
6.. _ 	1 for i = j 
" 	1 0 for i j 
 
with 
al _ 1 almi 2_, fir aivi alDi MiV = i=1 
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The equation for V in (3.11) and the two boundary conditions can be expressed as 
u" (a.) + o (0) — cbri 2 
+aw 
of/ 	(ai — r) wiW
±EN t (1) [
rW (1 — (1 _ iti)  wi) 
i=i 
 
—c* — c  
  
N - 
r•-• 	„ + aiwiw 
W at-V 
— 	14)1 
i=1 	 P=1 
D 
 
• N 	 a2f7 
±-2 E E aijtbithiW2 aw2 Aitt, i=1 j=1 
N N 
1  2 27.  +— E E 0-i, obifo, W 2 
	
	 thiwi) 	/172 	+ i=1 j=1 
N N 	 49217 
+2  2_, D w2 W 22  (1 tti) (1 — 
i=1 j=1 
N N 
+
2 
E E crijwi wiw2 
i=1 j=1 
N 	N 	- 1 	.k-• a21
p ) - 	) (3.14) T/172 2_, 2_, off, off, 	(Sip p=1 q=1 	P -9 
aV 	1 a 	N wi al  l  = — 	(Ai + + 	F Ai 2 — a - aw awi 	i=l w wz 
Thus, the free transaction boundaries, given by LiV = 0 and Mil/ = 0, to order e are 
- 	fa 0 o = — a 	 ft) (Ai + rt.) + 	and 0 = — 
010 —w  
respectively. 
Chapter 3. Multi-asset portfolio selection with transaction costs 	 65 
To find I, we assume it has the expansion of the form 
N (  
I = ei Ao + E Birth, + E Al  + E Biobi + 64 .i (bi, ..., 71)N) 
	
i.i 	 i=i 
Now, because the derivative condition between the NT and the sell region must satisfy 
MiV = 0 then we must have 
1 	2 
0 = 63 Bio + e-dBii + 6 of  
This implies that the constants Bic, = Bil = 0 for all i = 1 to N. Substituting the 
expansion for I into the governing (3.14) gives, to order e3, 
N N 
= —0 • Ao — E 	3•Tiv
2 02f7 
2 	aw2 i=1 j=1 
N N 	IN N 1 	 021 
+2  E E E 	 (sip p) j - IN) 	(3.15) 
i=1 j =1 	 p=1 q=1  
Note that, in this case, the independent variables are tbi for i = 1, . . . , N. 
3.4 	Perturbation analysis for small levels of correlation co- 
efficients 
The full solution to (3.15) cannot be given explicitly and it is very hard to find due to 
the free boundary conditions. Thus, we do not find the general solution, rather we shall 
find the perturbed solution valid for small p. The parameter p represents the largest 
modulus of the off-diagonal components in the correlation matrix. In order to simplify 
the problem, we apply the following change of variable 
N  = + [2E (Ai + ow 
to make the buy condition and the sell condition symmetric around the origin. Note 
that this transformation has no effect on the governing equation (3.15), which can be 
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rearranged in a simpler form as 
N N 	021 	N N E E Gi•
3 
	 E E 	+ H = 0 
i=1 j=1 	affjtaZ1) 	i=1 j=1 
where we define the coefficient Gii, Hii and H to be 
N N 
Gii 	W crij — E 2.1)pl7pj — E aiebq + E Ew p5pg wq t 
p=1 	q=1 	p=1 q=1 
2 (92'7  H 3 	= 	Ti7 V V 
OW2 
H 	= 2 (-010) 	(A0 is an arbitrary constant) 
(3.16) 
The free boundary conditions for the ith asset are now symmetric, giving 
buy boundary: 
sell boundary: 
of = 
a7Ui - 	- 	2 3 uu=wi _ 
al 	_ 
at-ui 2 
il (3.17) 
where 
Ei Ofi = 	(Ai+ 	for all i = 1, 	, N 
For non-zero but small p, we apply a perturbation analysis around the governing 
equation and we assume the following expansions 
Hij = 
Hii 
pkij + 0 (p2 ) 
for i = j 
forij 
(3.18) 
H = Ho + pHi + 0 (p2 ) 
and write the solution in the NT region as 
I = f o + + 0 (p2 ) 
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Substitute these expression into (3.16), the governing equation becomes 
N N 	510 	5'4 	N 	 N N 
E E Gi3 	+ 	 + E 	+ E E AAA; + (Ho + pH') = o 
i=1 i=1 	 i=i
2 2 
i=1 
and two conditions governing the free transaction boundaries are as in Equation (3.17), 
which are now described by 
buy boundary: 
sell boundary: 
ai _ °In  al l  
al 
wi=wi_ 	cathi  
87s „ 
valbi  
agh wi =,thi+awi  
We can now equate the power of p and solve each PDE separately to 0 (p). The 
advantage of the perturbation expansion is that we have a series of simple equations to 
solve rather than one full PDE and, in addition, the location of the unknown boundary 
is simplified. The order of the expansion of transaction costs and the expansion of 
correlation cannot be reversed because we are expanding around the Merton's point 
where the risky assets are correlated. We only applied the expansion on the p to the Hij 
term. By doing this, the governing equation to 0 (1) has the same form as the governing 
equation for an uncorrelated asset case, whose solution has been given explicitly in 
Atkinson and Mokkhavesa (2004). The Hijioilbj term for i, j = 1 to N and i # j, that 
have not been included in 0 (1), are corrected for in 0 (p). 
3.4.1 Verification of the value function to 0 (1) 
Collecting together all the terms of order 0 (1), we find that the governing PDE yields 
(3.19) 
buy boundary: 
sell boundary: 
ain 
wi=wi_ awi - 
ain E• 
_ 
= 
-I- 2 
2 
N N 2 fo  E E 	 + 	+ Ho = 0 
i=1 i=1 	
(9 	
3 	i=1 
and the free boundary conditions for the ith asset are 
(3.20) 
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for all i = 	N. In what follows, we show that this free boundary problem can 
be easily solved with the aid of the Legendre transformation. Equation (3.19) has the 
same form as the governing equation for the uncorrelated case defined in Atkinson and 
Mokkhavesa (2004), therefore we will sometimes refer to 0 (1) as the uncorrelated case. 
Legendre transformation 
The Legendre transformation allows us to fix the boundaries when we apply it to our 
free boundary problem. However, this comes at a fairly high price in terms of technical 
complexity. Under this transformation the PDE in Equation (3.19) becomes highly 
non-linear. 
The Legendre transformation of a function of N variables is obtained by introducing 
the new N-variables 
ui = 
0 IO ( 71)1, fb 2, • • • , 7•11N)  (3.21) 
  
for all i = 1, 2, ... , N. The significance of the above transformation is that we have effec- 
tively mapped function io 	i62 , 	, fbN) to a new function, denoted /6k (ui, u2 , . . . , uN ). 
By doing this, we have fixed the free boundaries of the problem as given in the Equation 
(3.20). Those boundaries become constants of the form 
buy boundary: 
sell boundary: 
aro, I 	 E • _ ui_ = 
aft,  
tr 
8,thij 	 ni+ = 
7 
(3.22) 
This is exactly our rationale behind the use of the Legendre transformation, which helps 
us to overcome the obstacle of the free boundaries. The original variables, /Di, can be 
found under the inversion of the Legendre transformation, described by N equations of 
the form 
(916' (ui,u2,• • • ,uiv)  wi = 
aui 
(3.23) 
which are similar to the forward transformation. 
In order to give the transformation formulae for the second-order derivatives, we 
need to differentiate Equation (3.21) with respect to all of its dependent variables, tai, 
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for all i = 1, ...N to give the N x N matrix to of the form: 
 
82% 	82 
awl? 	awl afv2 
a210 	a2i 
  
82 in 
aiDN 
 
8,7,28'64 
 
a2 I  
8,7,N-1371w 
82in 	82 fo 821p  
aziwa.thi 
    
The inverse can be done in a similar fashion; differentiate (3.23) with respect to all of 
its dependent variables and the N x N matrix Io is denoted by 
821* 	a2 I. 	 82 .T. 
aui au2 au, auN 
82/.Q 	821* (9.2 au, 
82i. 
aUN -18UN 
82 I . 	 a2I 	.92 I. 
auNaul auNauN- 
Note that fo and I'(!)`  are both real and symmetric, ie, they are also Hermitian matrices. 
The transformation formulae for the second-order partial derivatives can be defined 
as 
(92/,u 
	
In*  • • 
	 = 
for all i, j = 1, 2, ... , N, where 	denotes the cofactors corresponding to the arbitrary 
/. 
elements a
a
u  —0- of the matrix I. The Jacobian of the transform, J, is the determinant 
2
ou, 
of the matrix It) , denoted as 
J = det (4) 
The inverse Legendre transformation for the second-order partial derivatives, having the 
r 
, form a8u —12— for all i, j = 1, 2, 	N, can be expressed as 
2
au 
0216  	 Li;  
oui au.;  
82 1'. 
where 	denotes the cofactors corresponding to the arbitrary elements atbiai„, of the 
0 
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matrix L. The Jacobian of the inverse transform can be written, similarly, as 
= det (i0) 
Note that J.,7-1  = 1.2 
The Legendre transformation for the zero correlation in N dimensions 
Applying the Legendre transformation to the differential equation (3.19), we get 
EEG
N N N 	(a .1.6v ) 2 
=s 	+ E Hii 	+ Ho = 0 
i=1 j=1 	i=1 
(3.24) 
For the corresponding N-dimensional problem to order 0 (1), the situation somewhat 
simplifies and one can derive an analytical solution to the aforementioned non-linear 
PDE (3.24). 
To this end, we assume that the solution of (3.24) can be written in a separable 
form, as a sum of the following type: 
.1.61` (u) = >ui (ui ) 
J=1 
where the function U (ui) for i = 1, . . . , N, is an arbitrary function, depending only 
on one variable ui. A solution of this form makes the matrix corresponding to the 
inverse Legendre transformation becomes a diagonal matrix, namely all cross derivatives 
disappear, and the governing equation becomes 
N ry 
ii + kr zu(2) + Ho = o u,., 
i=1 	2.  
(3.25) 
2For the details of the above procedure, see Courant and Hilbert (1962), pp. 32-39. 
 
14' ± 
	— 	+ Hii1,13'.2 )+ Ho 
N G.  Gii 
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which can be rearranged in the form 
Note that the left-hand side only depends on ui and is independent of uj for j = 
1, . ,j 	. , N and, thus, it must equal some constant, vi: 
u+ Hii142 = vi ti (3.26) 
Also from (3.25), we have Ho = — EiN_l vi. Since the second-order derivative must be 
zero on the ith boundary, we, thus, require that U' tends to infinity on that boundary, 
which gives /4 = (A) 2 . Using the fact that 14' = 	we can solve (3.26), which can 
be rearranged and integrated to get ui (Gii, Hii, /4, vi) as follows 
U
(vi14, — Hii143) 
i = 
Gii 
(3.27) 
2 
3 
From the boundary conditions, vi = 
CZ
GiiHil ui±
) 
is found and the transaction 
boundaries for the asset i in the transformed domain are 
1 
tt
! 
= 
	Gi± 3  
2 Hii ) 
Applying the inverse Legendre transformation yields the following transaction bound-
aries: 
buy boundary: 
sell boundary: 
wi- = Hit = 43 
1 
(21 	 (12iLEJ.) 3  
4 Hii ui=ui+  
(3.28) 
for i = 1, 	, N . 
The value function is found by the following procedure. The inverse Legendre trans- 
formation is applied to (3.27) which defines 02-7,, implicitly as a function of ivi. As each 
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boundary uij is independent of the other boundary, we can integrate and sum over all 
the boundary i, which gives the value function inside the NT region 
)
2 
(NT) 	
-
Hii 
	
3Ei G
z
i  _2f
017W2)••• 16N) = E 12Gii wa2 4 _ Hu 
 
wi 
i=1 
(3.29) 
The first- and second-order derivatives of the value function with respect to 'Cup can be 
written as 
2 
510 	Hpp _3 [3Ep 	Gpp) A 3  W 	 'thp 	 (3.30) at-vp 3 G pp P 4 	Hpp 
2 a 2 fo 
= 	Hpp ID 2 [3Ep (_Gpp
i 1 3  
(3.31) ao 	
Gpp P 	4 	Hpp 
respectively. Equation (3.29) represents the solution to (3.19), which agrees with Atkin-
son and Mokkhavesa (2004). 
3.4.2 Solution of the value function to 0 (p) 
Equating powers of p, the governing PDE at this order can be expressed as 
N N N N 
I1 	+EE
a2 
E 	+ H1 = 0 • i=1 j=1 	awiaw 3 	i=1 j=1, 
(3.32) 
and the buy and sell boundary conditions for asset i become 
buy boundary: 
sell boundary: 
= 0 atbi 
01 =0 i wi+ 
(3.33) 
for i = 1, , N. Note that the free boundary conditions to this order have been 
simplified because we found the exact location of the optimal transaction boundaries to 
0 (1). As a consequence of this, we have a fixed boundary problem. The boundaries 
of 0 (p) are found by the following procedure. We assume that the new buy boundary, 
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and sell boundary, /IA+, of the ith asset are translated according to 
buy boundary: 
sell boundary: 
(o) + 
	
PW
(1) (..
W
(o) ..(o) 	•.(0) 	 (0)) 
= 	 i- 	1 7 W2 7 • • • 7 Wi0i 7 " • 7 W  N 
= W 
- (0) + 
PW
(1) (-
w 
 (0) 	(0) 	- (0) 	(0)) 
i+ 	i+ 	l 111;2 	• • • Wj0i, " ' 7 W  N 
(3.34) 
where id) is the transaction boundaries of asset i to 0 (1) and 41) , which is a function of 
all other portfolios proportion to 0 (1), is the perturbed boundary of asset i arising from 
the correlation between assets. We substitute (3.34) into (3.30) and (3.31), and collect 
all the terms of order 0 (p), which give the first and second derivative, respectively, to 
this order 
  
2 
Hii 	
11 
-(0)2 	[3Ei 	Giti ) -2 	} -(1) = 
Gii xf 4 	I-hi 
 
Ohl 
afoi 
a2 
ail)? 
tbi± 
(3.35) 
 
tbi± 
2Hii w • ..(0) w• 	• -(1) ( -(0)) Gii (3.36) 
   
The first-order derivative governs the buy and sell conditions and is found to be zero on 
the boundaries. From the smooth pasting condition, we require that the second-order 
derivatives satisfy (3.36) on the transaction boundaries. This gives the movement along 
the transaction boundaries of asset i as a function of all the jth asset, where j i. The 
methods that we use to find the solution to the governing equation and its derivatives 
to second order are the FD method and separation of variables (SoV). 
3.5 	Portfolio of two risky assets Si and S2 
In this section, we assume that the investor has available two risky assets and one riskless 
asset for investment. The governing equation for I as given by Equation (3.16) to 0 (1) 
is solved explicitly and to 0 (p) can be rewritten as 
02 	
aWlaW2 
	
awe 
024 	021
2 
1  
Gii 	+ 2G12 	+ G22 + 2B-1277)117)2 + H1 = 0, 	(3.37) 
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where 
G11 = 	— 2 (bian. + 11)20-12) + (1$711 + 21.14"102u12 +W20-22)] 
G22 = 201 [0-22 — 2 (1010-12 + 71)2622) + Man + 211)111)20-12 + 4722)1 
G12 = 11)1102 [0-12 — (1010-12 + 1020-22) 
— (1010-11 + 11)20-12) + Man 21011020-12 + 40-22)] 
P12 	2 49217 I/12 = —0-10-2TAI ow2 
H1 = an arbitrary constant to be determined 
Note that 
G = 	
Gil G12  E R2x2 
G12 G22 
is a positive definite matrix (see Appendix 3.B) thus this is an elliptic PDE problem. 
The boundary conditions are 
buy boundary 1: 
sell boundary 1: 
buy boundary 2: 
sell boundary 2: 
awl  
of)  I 
810161+ 
a11 
 aw2L2_ 
811  
awl 102+ 
=0 
=0 
=0 
=0 
(3.38) 
The PDE in (3.37) with the transaction boundaries (3.38) can be solved by either a 
numerical method or an analytical method. In Appendix 3.A, we show how the PDE 
can be solved with the FD method or SoV. Once we determine the value function, Il , we 
apply the smooth pasting condition by satisfying (3.36) on the transaction boundaries, 
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which gives the perturbed transaction boundaries 
buy boundary 1: 
sell boundary 1: 
buy boundary 2: 
sell boundary 2: 
-( 1) 	G11 	821  w 	= 
1b1 _ 
v.71+ 
11)2 - 
W2+ 
(3.39) 
1— 2H111:01.°) 	8711 
-(1) 	G11 	a2 w1+ = 2r-hit-4°1? awl 
tv2
) 
 = 
-( 	G22 	4I 
2H221:61°) 	at15 2 
-(1) 	G22 	821j w2+ = 2H-224? awl 
As the second-order derivatives of the value function on the transaction boundaries of 
asset 1,02/1/0174, are defined as a function of w2°), these conditions give rise to the 
17,1± 
movement of the perturbed transaction boundaries, fie, of asset 1. Similarly, wet are 
defined as a function of fe) . Note that the constant H1  is determined in Appendix 3.C. 
3.5.1 Transaction boundaries 
The procedure for establishing the transaction boundaries for a portfolio with two risky 
assets is described as follows. As the perturbed buy boundary and sell boundary of 
-(1) 	-(1) asset 2, which are denoted by w2_ and w2+ respectively, are defined as a function of 
-(0) wi , the new transaction boundaries, including the effect of correlation, of asset 2 will 
no longer be a straight line parallel to the fbi axis but it will vary along the ibi axis. 
This variation of fo2 along 'Cul causes the end point to move from the corner point of 
the uncorrelated assets. In order for the transaction boundaries to join at these cor-
ners, we have to compensate for this movement by adjusting the range of fo2 on the 
transaction boundaries of asset 1. The range of the new 2:52 on the buy 1 bound- 
[1740) + Al) (ivio)) , 	+ 	(1740))] ary and the sell 1 boundary becomes 	 and 
[4) + pt.41) (lie) , 	+ 	 respectively. As there is also a variation on 
the boundaries of asset 1, which are defined as a function of ft) , we rescale the range of 
ftii on the transaction boundaries of asset 2 in the same way, hence the new range of foi is 
1] and [4) + toz741) (OM , 17/iT + pr 	(1741)1)] 
[thio) pu.41) ( liv) 	+ pt 	(tie ' 'i4i2  
for the buy and sell boundaries respectively. Let 
w1°)01  (171°)) = 	-(0) 	0 
1 	 1( )  
W1-1- — U11— 
(" 
92 H ) O) 	w2
(0) 
 "12-  
(0) 	-(0) 
W2+ - W2- 
and 
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The movement of each of the boundaries can be parametrically described as follows. 
• On the buy boundary 1 
...(o) 	-(1) (,(0) and 17/2 = (90:62,. + (1 - 02) = wi_ + Pwi yv2 
-(0) 	-(1) ( -(0)) 	, 	_ -(o) . 	_(1) 	-(o) where t-u2.,„ = w2_ + pw2_ wi_ ana w2max — W2+ + pw2+ 
• On the sell boundary 1 
.40) 	(1) ( .401 
w1+ = W1+ PW1+ W2 and 	W2 = 021712,,,,,,c + (1  — 02) 1D2rnin 
and 2-02max where IT/2min = I/402 PI141-) (1-1) 	 = 	Pt-6 212 ( ID 
• On the buy boundary 2 
wl  = eitpinia.„ + (1 - el) wlmin and W2_ = %DV) po(1) (1710)) 2- 
-(o) 	 -(o) 	-(1) ( -(o)) where ibimin = w + pw-e) (w-20_)) and 	= 	+ Pwi+ Vu2--) • 1 max - 
• On the sell boundary 2 
wl = eitDimax + (1 — ei) tbimin and 
11)2+ w_2(0+) pw-2(1+) (41)) 
where ( 	= 1°) +pt ) (ig) and bi = f+Pfi1  (42)min4 	 maxulT 	 2  
We write t741) (4)) to denote that the perturbed buy boundary of asset 1 is defined 
as a function of the uncorrelated boundary of asset 2, 'Cc?) . Note that the functions of 
wig and fig are defined by equation (3.39). 
0.25 - 
0.2 
0.15 
0.1 
- p - 0.1, FD 
p = 0.1, SoV 
• • • x• • • p = 0.5, FD 
0 	p = 0.5, SoV 
0.05 
0 	
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Figure 3.1: Effect of positive correlation on the transaction boundaries 
3.5.2 Impact of correlation 
In this section, we show the impact of the correlation on the transaction boundaries. 
We use the simple FD method3 and the SoV method,4 as described in Appendix 3.A, 
in solving the PDE governing the value function to order (p). The parameters used are 
al = 0.1, a2 = 0.1, cri = 0.33, 2 = 0.33, r= 0.09, 'y = 0.5, A1 = 0.005, A2 = 0.005, pi 
= 0.005, p2 = 0.005. We allow p12 to take two values of positive correlation coefficients, 
0.1 and 0.5, to see how the shape of the NT region changes with correlations. For the 
effect of negative correlation, we let p12 to have the value -0.1 and -0.5. We discretise the 
NT region from the uncorrelated assets into 20 x 20 grid points in the finite difference 
method, where both horizontal and vertical axes are divided, eg, by 20, which gives us 
400 equations to be solved. 
Figure 3.1 and 3.2 show that the results from the FD method and the SoV method 
are very similar, which indicates that the approximating results from SoV are as good 
3The efficiency of the FD method could be improved by using a more refine numerical method as 
suggested by Press (2002) and Smith (1985). 
`For a more detailed consideration of SoV, the reader may wish to look at Weinberger (1965) and 
Evans, Blackledge and Yardley (2000). 
p - -0.1, FD 
At, 	p = -0.1, SoV 
• • • lc- • • p = -0.5, FD 
0 	p = -0.5, SoV 
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0 	0.1 	0.2 	0.3 	0.4 	0.5 	0.6 	0.7 
w1 
Figure 3.2: Effect of negative correlation on the transaction boundaries 
as the results achieved by FD method.5 The time used in FD method is 6 seconds and 
that in the SoV method is 2 seconds. This timing is for a PC with a Pentium 4 at 1.7 
MHz and the implementation was done in Matlab. The time used for both methods is 
of similar order as we only have 400 points. However, the time uses for the FD method 
increases significantly as the grid size becomes finer. Hence the SoV method is preferred 
due to its computational speed. 
The full triangle and the full circle in Figure 3.1 represent the Merton points for 
correlation coefficients equal to 0.1 and 0.5 respectively. The NT region shrinks along 
the main diagonal when the correlation coefficient takes larger positive value. This is 
because two assets have the same variance and when their price processes are correlated, 
they are indifferent from the investor's point of view. Thus the investor will reduce their 
portfolio proportion from both assets when the correlation coefficient is high, ie, the 
Merton point moves closer to origin. 
The effect of a negative correlation coefficient is opposite to a positive correlation. 
5The reader is reminded to refer to Figure 1.1 for the characteristics of the transaction boundaries 
and the transaction regions. 
0.7 
0.6 
0.5 
0.4 
0.3 
0.2 
0.1 
0 
—e— a1 - a2 = 0.5 
- 	- 1 = a2 = 0.6 
• • •s• • • a1 = a2 = 0.7 
0.08 	0.1 
	
0.12 
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Figure 3.3: Effect of volatility on the perturbed transaction boundaries 
The NT region becomes larger when the correlation coefficient becomes more negative 
as two risky assets can be used to hedge against each other (Figure 3.2). The Merton 
point moves further away from the origin as the correlation coefficient becomes more 
negative as indicated by the full triangle and full circle for the correlation coefficients of 
-0.1 and -0.5 respectively. 
3.5.3 Impact of volatility 
We adopt the SoV method for computational efficiency and the following settings are 
applied a l = 0.1, a2 = 0.1, r = 0.09, -y = 0.5, A = 0.005, A2 = 0.005, µl  = 0.005, /12 
= 0.005 and p12 = 0.3. We varied the standard deviation of both risky asset 1, a l , and 
risky asset 2, a-2 . We set al = a2 and assume they take the values 0.5, 0.6 and 0.7. 
The impact of volatility on the NT region is shown in Figure 3.3. The higher the 
volatility of the risky assets, the smaller the size of the NT region. This indicates that 
the investor prefers to maintain their portfolio at low risk by choosing to trade more 
frequently to keep their position as close to Merton's optimal policy as possible when 
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the uncertainty is high. The other important point is that the Merton point also moves 
closer to the origin as the volatility increases, this is due to the fact that the investor is 
risk averse and they are in favour of investing in the risk-less asset when the volatility 
of the risky assets are high. 
3.6 	Portfolio of three risky assets Si, 82 and 83 
Here we consider a portfolio with three risky assets. The governing equation for Il from 
(3.32) is 
a213. 	02/1 	021i 
G11—nz2 + G22 	a,7,2 + G33 n,77,2 
‘-' —1 	`-' —2 	`-' "J3 
0211 	021 	021.1  
+2G12 	+ 2G13 	+ 2G23 	 thbiatb2 	ali.-)iat-o302U2017.)3 
+21-112inifb2 + 211-13,th1tD3 + 2H237:0217/3 + H1 
= 0 	 (3.40) 
where 
G11 = t'v'? [o — 2 (1I)10-11 +1b20-12 +11)30-13) + 
G22 = w2 [0.22 — 2 (11)10-12 +120-22 +11)30'23) + 
G33 = w3 [0.33 — 2 (11)10-13 +'&20-23 +)30-33) + 
G12 = 11)11I)2 [0-12 — (140.11 +'&20-12 +'&30-13) — (1)10.12 +'&20-22 +'&30-23) 
G13 = 1111)3 [0-13 — (140-11 + 71720-12 +'&30-13) — 0140-13 +11)20'23 +11)30-33) + C] 
G23 = 71)21:63 [0.23 — (1)10-12 +11120-22 +11)30-23) — )10-13 +11)21723 +'&30-33) 
P12 criun4 d72 
aw2 
(92 .f/.  H12  = — P  
R-13 = P13 (rico 'T*2 0217' 
awe 
/-123 = P23 0-20-3W 82V 
aw2 
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H1 = an arbitrary constant to be determined 
Here C is a constant, which is defined as 
C = Man + 140-22 + 140-33 271)10-1211)2 211110-137-1)3 211)20 231b3) 
Note that G E R3x3 is a positive definite matrix (see Appendix 3.B), thus this is an 
elliptic PDE problem with the following transaction boundary conditions: 
buy boundaries: 
sell boundaries: 
=0 a 
- 0 .911-'2 
- 0 8w3 
- 0 
=0
alai 
8w2 
- 0 8,1;3 - 
on 1151 = ti) — 
on ib2 = w2_ 
on fb3 = 713_ 
on 174 = t7)1+ 
on 17)2 = 162+ 
on W3 = W3+ 
The results from uncorrelated assets, 0 (1), are orthogonal, ie, a rectangular box. 
Also, since the extra terms in equation (3.40) contain pairwise products 17)07)2 , 101)3 
and 162i63, we can satisfy the equation and all boundary conditions for each of these at a 
time by solving a two-dimensional problem in the plane (01,71)2 ) , 	w3) and (7.7)2, '17)3 ), 
respectively. The final solution and total boundary movement is formed by combining 
all of these two-dimensional solutions appropriately. Thus, the three-dimensional prob-
lem has been reduced to three two-dimensional problems. This applies either to FD 
numerical solution methods or to our simpler Fourier series approximation as defined in 
Appendix 3.A. 
The two-dimensional problem for each (Cui,17)i) plane and its boundary conditions 
can be written as follows. 
. Cross-section of (w1 ,7:62 ) plane: the resulting PDE is 
021(1,2) 	021(1,2) 	021(1,2) 
+ 2H12117171,2 +1/11'2) = 0 air)2 	 + 2G12 az' afv-2 + G22 awl  
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with the boundary conditions 
a7(1,2) 
awl — n n
F(1,2) 
— n 
awl 
f (1 ,2) 
1 =0 
8'11,2) 
awe  
on ith = /74_ 
on iul = it-4+  
on 712 = 
on '02 = W2+ =0 
• Cross-section of ( -11'1,17)3 ) plane: the resulting PDE is 
021.(1,3 ) 	821(1,3) 	021(1,3) + 2C13a 	+ C33 	1 + 2[113W-1W- GC11 	a 3 + 1/1113) = 
	
w2 bia tD3 	517)2 1 	 3 
with the boundary conditions 
awl = 0 	on 161 = 
„;0.,3) 
= 0 	on Cul = 'Cul+  1 
,;(1,3) 
°L1-3 	0 	on 27)3 = iu-3 _ 
ap.,3) 
a — 0 on W3 = w3+  
• Cross-section of (17)2, w3) plane: the resulting PDE is 
02112,3) 	821(2,3) 	021(2,3) 
G22  aff,2 	2G23 	 + 	G 
2 	81020,6)3 	33 
0(0.3  + 21/237:622b3 H 2'3) = 0 
with the boundary conditions 
n i(2 ,3) 
`').___ — n 8,1,2 — ,., 	on 'th2 = lb2- 
8.1(2,3) 
—.3.— — n atD2 — - 	on fO2 = 7.712+ 
n i (2 ,3) 
L'IL___ 07:63 =0   on 17/3 = 1:63_ 
1-- ''' 	— n atb3 — ... 	on 11.)3 = tb3+ 
Note that we let ilij) represent a sub value function whose independent variables 
are wi and fuj. The constant H1 can be determined as in Appendix 3.C. Note that, 
4,2) TT(1,3) —(2,3) obviously, H1 	+ n1 	. Once we solve these problems, the perturbed 
01(1,3) 
1D1 
w2± 
,,„^" (1) 
-(1 )Cu 821(1,2) 
Zit 
W2± 
•03± 
821(1,3) 
= 	-(0) 2Hnivi± 
G22 
—atr—L'T 
821(1,2) 
aW1 
n2 i(2,3) 
2H22ID2T 
G33 821(1,3) 
afo2 2 
821-(2,3) 
21-133W- M3 ± 
(3.41) 
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transaction boundaries can be found by applying the smooth pasting condition and they 
are given as 
where ti) 1) and 77),L), which represent the perturbed buy and sell transaction boundaries 
of asset i, respectively, are defined as functions of iv.(i°) for j = 1, 2, 3 and i j. 
3.6.1 Transaction boundaries 
Once the perturbed boundaries have been found, we evaluate the new movement along 
each boundary whose variation depends on the proportion of wealth in the risky assets. 
We only describe the movement of the buy transaction boundary of asset 1, 	The 
functions that govern the transaction boundaries for the other assets can be found in 
the same way and they are given below. 
On the boundary of foi_, the coordinate of 11)2 and Cv3 also change. We know the 
variation along the four edges of the (1'62,163) plane, ie, 17)--2 min, 17)2 max, 17)3 min and 17)3 max) 
pii41) (4), 72,1V))], 	pti411 (cup), iv-V)) [4) +  which are defined as [124°)  
-(1) ( -(o) -(0) 	- (0) 	 (1) ( -() - 0) pw3_ wi_, w2 )i, and [w3+ + pw3+ wi_ , w2 )] respectively. Note that ti)2 min and 
'02.1a,, depend on le and, similarly, fb3 m in and w3 max depend on 4). The points 
w2, li)3 vary inside this defined region on the buy transaction boundary of asset 1. Thus, 
the one to one mapping of the co-ordinates 4)  and ti)V) can be as 
17)2 
W3 
= 
= 
-(0) 
W2 
( 
W2+ 
-(o) 
W2max + 
W3max + 
3  
W 2-  1 
1  
- (0) 
-(0) 
-(0) 
W2- 
-(0) - W3_ 
- (0) 
( 
W3+ -(0) W3_ 
(o) (o) -(0) (o) where 'Cv2_, w2+, w3_, w3+  
when the correlation is zero. 
are the edges of the buy transaction boundary of asset 1 
written2rnin 
ii)(0) fv.v) 
( 	-2(0) 	- (0) 
W2+ W2- 
- (0) 40) 
73 	
_
(0) 	•• 0) 	f63min 
W3+ - W ( 3- 
Chapter 3. Multi-asset portfolio selection with transaction costs 	 84 
If we let 
el (w1°)) 
	
(
-(0) 	-(0) 
wi — wi- 
- (0) 	-(0) w1+ — w1— 
02 
03  
(7741 
(40)) 
w2 	— (
-(0) 
— 
- w(20)) 
-(0) 	-(0) 
W2+ — W2— 
-(0) W3 — W3_ (
-(0) 
- (0) 	-(0) W3+ 
then the movement of each of the boundaries can be described as follows. 
• On the buy boundary 1 
\ 
wi— + Pwi— w2
0) 
 w3
0) 
 ) 
'11)2 = 02Z2,,„„ + (1 — 02)71)2, 
11)3 = 0371/3.. + (1 — 03) 7.113.i. 
where 
-(0) 	-(1) 	-0) 11)2min  = W2— + PW2— VD1(-7 W3 ) 
-(0) 	-(1) 	.40) 	-(0) 
1b3min = W3— ± PW3— VW1— / W2 ) 
7 
-(0) 
W-2max = W2+ 
-(0) 
+ W3max = W3+ 
-(1) 
PW2+ 
-(1) 
 PW3+ 
((0)) 
W1— 	) 
(w10) 	-(0)) 
 / W2 
• On the sell boundary 1 
/1)1+ = 
17 ?1). p,412 (7140) , 40)) 
77/2 = 02tb2„,ax + 	— 02) Z2rnin 
'th3 = 03W3. + (1 — 03) Z3min 
where 
-(0) 	-(1) - (0) -(0)
)  
) 
tb.2min = W2— + PW2— 	/ W3 
1 3 	=W3
(0
—
) 
mPW3
(1—) (w(°) 
W
-
2
(0) 
)mn 	 1+1    
tb2m„„ 
W3max  
= 	pc4J4).  (tb104)., 40)) 
= w3+ 
_L 
PW3  
-(1)
+   
( 
W1+ w 
-(0) 41(20)) 
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• On the buy boundary 2 
wl  = elwlmax + — el) wlmin 
pc(T) (t.1.40) , 4)) W2_ 
W3  = 	0 317113ma. + (1 — 03) io 3.i. 
where 
-(0) 	, 	-(1) 	-(0) 	- (C) wlmin = W1— 	PW1— kW2— 7 W3 ) 
I .40) 	.40) \ 
W'3 Min = W3_ + PW3— 	fl)]. 	7 W2— ) 
7 
7 
zima„ 
W3max 
-(0) 
— W1+ 
-(0) 
= W3+ 
-(1) 	-(0) 	-(0) 
-1- PW1+ 0)2-7 W3 ) 
+ 
	-(1) ( -(0) 	-(0)) 
PW3+ 011 7 W2-) 
• On the sell boundary 2 
17,1 = Oliblmax + (1  — 01) ihmin 
'02+ = -(0) W2+ + PW2+ 
-(1) ( 
W1  
-(0) 
7 w30)
) 
W3 = 037/J3. + (1 — 03) 2U3min 
where 
wl 	 -(0) 	-(1) (w(°)  -(0) \ 	 -(0) j_ -(1) („7,(0) wr,(0) 
	
min = W1- + PW1- 2+ W3 ) Iblmax W1+ PW1+ V'2+7 w3 ) 
-(0) 	-(1) ( -(0) -(0) \ 	 -(0) 	-(1) ( -(0) -(0)\ 
1.7)3min = w3— PW3- VD1 7 W2+) 7 	fb3nusx = W3+ + PW3+ YV1 7 W2+) 
• On the buy boundary 3 
%Di 	0171)imax + (1 — 0 ) wlmin 
W2 	021D2n. + (1 — 02) ti)2min 
fi53- = -(0)-  _
L 	-(1) (,;;;(0) 
W3 	3- 	7 w2 ) 
where 
wl 	 (0) 	-41)  (0) -(o-) 
n 
min = Wi- PW1.- 	 7 W3 7 
..(0) 	.(1) ( -(0) -(0)) 
Z2in = W2- + PW2- 	7 W3- )  
wlmax 
= 171.04) + 10 ,17411 (40),  
71;2. = 1-D-22 p,44). (t740), 402) 
0.35 - • • "' 
0.3 
0.25 
0.2 
0.1 
0.12 
0.14 0.02 
wi  
0.1 
0.08 
0.06 
0.04 
0.06 
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W2 
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Figure 3.4: Plot of the perturbed transaction boundaries of the portfolio consisting of 
three risky assets 
• On the sell boundary 3 
tiqm. + (1 - 01) wlmin 
1:62 	021712„,a,c + (1 — 02) 1112min 
w3+ 
(0) + 
Pw3+ 
-(1) ( 
wl  
-(0) 
7 w2 
-(0)) 
where 
(0), 	—(1) 	—(0) —(0) \ 
wlmin = W1— PW1— 0)2 7 W3+) 7 
•-• (0) 	,-(1) 	., 0) 	••• (0) \ 
= W2— + PW2— VD1( 7 W3+) 
—(0) + -(1) ( -(0) ,,7,(0)) 
1:61n,ax W1+  Pwl+ w2 w3+ 
-(0) 	-(1) ( (0)- 	,,1;(0)) = W2+ + Pw2+ wl w3+ 712min 
Note that the functions of ii/12, ti4 and w-3( ±1) are defined by Equation (3.41). 
Figure 3.4 illustrates the transaction boundaries for the correlated assets, which are 
found by the SoV method. The parameters used are as follows: al = 0.1, a2 = 0.1, a3  
= 0.1, o-i = 0.33, o-2 = 0.4, o-3 = 0.25, r = 0.09, 7 = 0.5, Ai = 0.005, A2 = 0.005, A3 = 
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0.005, pi = 0.005, µ2 = 0.005, /1,3 = 0.005 and p12 = 0.25, p13 = 0.4 and P23 = 0.3. 
3.7 	Portfolio of N risky assets 
In this section, we demonstrate how to find an optimal transaction policy of a portfolio 
consisting of multiple risky assets, whose price processes are also correlated. Analogous 
to the portfolio with two and three risky assets, we solve the value function to 0 (1) 
as in section 3.4.1. The Hid term, which arises from the correlation between assets, 
can be corrected for in 0 (p), where p denotes the largest modulus of the off-diagonal 
components in the correlation matrix. The governing equation to 0 (p) is defined in 
(3.32), with the boundary conditions (3.33). The perturbed transaction boundaries can 
be determined by satisfying the smooth pasting condition on the boundaries. 
The problem of finding the optimal transaction boundaries for a portfolio with N 
risky assets is similar to the three-asset scenario. As the transaction boundaries from 
0 (1) are orthogonal and the extra terms in Equation (3.32) contain pairwise products 
fo i•CO j for i, j = 1, . . . N and j > i, we can satisfy the equation and all boundary conditions 
for each of these at a time by solving a two-dimensional problem in each of the (thi, ivy) 
planes separately. Thus, the final solution and total boundary movement is formed by 
combining all of these two-dimensional solutions appropriately and the N-dimensional 
problem has been reduced to N (N — 1) /2 two-dimensional problems. This applies 
either to FD numerical solution methods or to our simpler Fourier series approximation 
as defined in Appendix 3.A. 
Let 	ibi) represent a sub value function whose independent variables are 
and 	Then the resulting PDE as a two-dimensional problem for each (ii)j,17/i) plane 
and its boundary conditions can be written as 
02p,i) 	 a2p,i) 
N 
Gii 	1  + 2Gi • 
frthiaibi + .06)4 
	 + 	+ HP) = 0 
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with the boundary conditions 
	
= 0 	on wi = 
ai(i,i) 
--1--ai,i = 0 	on iiii = ibi+ 
aio,i) 
—1—ai,. = 0 	on 7:1Jj = Zi_ 
afo3,i) 
= 0 	on v-ii = liii+ alba 
Once the value functions t j) are determined for all i, j = 1, , N and j > 
and the constant H1  is found by Appendix 3.C, we apply the smooth pasting condition 
by satisfying (3.36) on the transaction boundaries. The total perturbed transaction 
boundaries of asset i can be found by summing all of the two-dimensional solutions 
appropriately from each pairwise product Cuifoj and they can be written as 
buy boundaries: 
N _(0) 	 cii 	a2p,i) 
wi_ 	, • • • 7 wioi , • • • 7 W  N 	(0) 	0„,-2 2Hiiiv j=1, joi  
 
(3.42) 
 
sell boundaries: 
 
Gii 	a  N 	2 ^(i,j) v. 
-(0) ( 	all)? 2Hijwi+ .7=i 
 
-(1) 	 -(0) 
wi+ 	w1 , • • • , Lu302 , 	wN (3.43) 
  
Note that Ili j) = 	by symmetry. Thus, the buy and sell for the perturbed 
transaction boundaries can be written as (3.42) and (3.43) respectively. 
3.7.1 Transaction boundaries 
The procedure for finding the transaction boundaries for a general portfolio with N 
risky assets is similar to previous scenarios with two or three risky assets. The geomet-
ric interpretation of the transaction boundaries can be described as follows. Merton's 
optimal allocation of the N assets becomes a point in N-dimensional space, whereas the 
NT region for 0 (1) is a polytope in N-dimensional space. When we include the effect 
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of the correlation, each of the transaction boundaries will be perturbed according to 
174± W  
	
-(0) 	-(1) (-
W
(0) 	(0) 	(0)) 
i± i± 	1 7 • • • , Wi0i 7 • • • , W N 
where /Di_ and wig. indicate the buy and sell transaction boundary of asset i = 1, . . . , N 
respectively. From these movements of each of these boundaries, the (N — 1) hypersur-
face on the transaction boundary of assets i must therefore vary according to 
= 	+ ( 1 + 0 .i) "th 
where 
(0) 
(woo))
ul 	-  
3 	j 	= -W (0) — W - (0) 3- • , 	3 • r - 
E [0,1] 
N 
(0) , 	(1) 	() + 	lb- (1) (115 (09 wj_ Thp wj_ 	3 - (Wk e) ) 
kOti,k0j 
and 
N 
1-D imax = Wj+ 
0) 
, p wi+ 	) 
(1) -(0)\ , 
	w  3+ 
(
w 
1-..
k
(0))  
k=1, 
k0i,k03 
for j = 1, . , N but j 	i. Note that the function of ti).(i2 is defined by Equations 
(3.42) and (3.43). For the portfolio with N risky assets, there will be 2N transaction 
boundaries in the N-dimensional space that define the NT region. 
3.8 Concluding remarks 
In this work, we have considered optimal portfolio allocation in the presence of pro-
portional transaction costs. We have provided a method which makes it feasible to 
compute the optimal policy when there are large numbers of risky assets, whose returns 
are assumed to be correlated. 
The advantage of the perturbation analysis is that we can reduce the dimensionality 
of the problem significantly from N N to a multiple of two-dimensional problems. In other 
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words, we have reduced the N-dimensional problem to N (N — 1) /2 two-dimensional 
problems. With very little loss of accuracy the perturbation technique can be applied 
on large-dimension portfolios for which it would be impractical to compute the numerical 
solution of the full free-boundary problem. 
We have verified that the optimal policies to order (1), obtained via the Legendre 
transform are consistent with the uncorrelated assets model given by Atkinson and 
Mokkhavesa (2004). To 0 (p), we have compared the perturbed optimal policy using 
the FD method and SoV. The results from both methods appear to be similar for small 
p. Also, our results are consistent with Muthuraman and Kumar (2006), who solved 
the portfolio allocation problem by the finite-element method for the portfolio with two 
risky assets. 
The methods used are simple and efficient. The FD method contains local truncation 
error, whereas the errors from the SoV method arise when we neglect the du term in 
the complementary function. The latter method is more computationally efficient than 
the former, because the optimal policies can be given explicitly to this order and it is 
computationally fast. If accuracy is needed, the FD method can be used to overcome 
the problem. 
The two-asset and three-asset portfolios are solved explicitly using SoV. We have also 
given the scheme for finding the shape of the NT region of the N-asset portfolios, which 
can provide an insight to a fund manager of how to allocate assets in their portfolio. In 
our calculation, we have set interest rates, rate of return of risky assets and volatility 
constant. It would be more realistic to make these non-constant model parameters 
vary with time. In addition, we could also allow for a finite time horizon. This time 
dependence could be dealt with by some additional numerical calculation. 
Appendix 3.A Method for solving 0 (p) 
In this section, we demonstrate that the following PDE 
32/(ij) 	4:921(ij) 	a21-(izi) Gii 1  + 2Gi 	 Gi 	+ 	 = 0 
0271)? 	aliPaW • 	 OW z 	3 
(3A.1) 
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and its associated boundary conditions 
buy boundary i: 
sell boundary i: 
buy boundary j: 
sell boundary j: 
=0 
=0 
=0 
=0 
(3A.2) 
can be solved by two different methods: the FD method and the SoV method. We 
represent fl1  for 1-1(ij) . 
3.A.1 FD met hod 
Let us consider the solution of Equation (3A.1) by the FD method. We represent the 
function ti) 	ioj) by its values at the discrete set of points 
174{0 = 	+ kAfoi, 	k = 0,1, ... , K — 1 
	
= 'Om} + lOWj, 	1 = 0,1, ... , L — 1 
where Afni and Afbi are the grid spacings for the and ti, axes, respectively. We define 
K and L to be the number of points on the asset i and j, respectively. ibi{o} represents 
the value of the buy boundary of the uncorrelated asset, /4°) , and 21/i{K_I} represents 
the value of the sell boundary of the uncorrelated asset, /4+°). Similarly, for the asset 
j, zbi{o} represents the value of the buy boundary of the uncorrelated asset, wI2, and 
-(o) tvig.,_1} represents the value of the sell boundary of the uncorrelated asset, wi+. For 
readability, we drop the superscript (i, j) without losing any meaning. By applying the 
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following centered differencing, the partial derivatives are approximated by 
1  I 
(60:14)2 l{k+1,/} 211{k,1} 11{k-1,/}) 
1 
	
46abiAtis) 	 (11{k±1,1+1} 	11{k-F1,1-4} 	11.{k-1,1+1} 	11.{k-1,1-1}) 
.. ,-... 	1 	2 / 7,.., (Atb) V 1{k,/+1} — 2/1{kii} + -11{k,/-1}) 
1 	.p .--, 20tai (11{k+1,/} — f1{k-1,/}) 
,..., ,-... 0 A1„7, 	. (11{k,/+1} — 11{k,/-1}) 
"" -u3 
a211  
of -v? 
8241  
atviol-0 j 
a2f1  
at-01 
ail  
ai-bi 
all  
aw j 
so that the corresponding difference equation is 
Gii 	2 (11{k±1,/} 	211{k,/} 
Gij  
+ 262bi0w (I1{ic+1,/+1} 	-11{k-1-1,/-11 	11{k-17/+1} 	11{k-1,/-1}) 
+ (Alb j)2 yl{k,1-1-1} 211{k,/} 	11{1c,/-1}) = 	(2Hijibi{k}1Dj{/} 	kl) 
(3A.3) 
Note that in approximating the derivatives at this stage, we have introduced local trun-
cation error. Equation (3A.3) and its boundary conditions give (K x L) linear algebraic 
equations for (K x L) unknowns, which can be expressed in their matrix form as 
Ail = b, 	 (3A.4) 
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where ill is a (K x L) x 1 column vector and b is a (K x L) x 1 column vector, which, 
respectively, are 
= 
11{0,0} 
-11{K —1,0} 
11{K —1,L —1} 
and 	b= 
2Hii 	{0} + R1 
2Hijibi{K-1}lbj{0} + 
2Rij{K-1}w AL-1} + H1 
A (K x L) x (K x L) matrix, A, which consists of L Al , (L — 1) A2, (L — 1) A3 and 
2 A4 matrices, can be expressed in partitioned form as 
Al A4 
A3 Al A2 
A= 
A3 • • A2 
A4 Al 
If we defined 
[ 
ao = 	
Gii 	G  
(Atii)2 
+ 
(Alli.j)2] 
al = 
Gii  
(6abi)2 7 a2 = 
Gii  and a3  2 (Atv-i) (ow;) 
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then the (K x K) matrix A1, A2, A3 and A4 are given, respectively, by 
ao 2a1  a2 
al ao al  
Al = 
al 	al 
2a1 ao 
a2 
a3 a2 —a3  
—a3 	• . a3 
a2 
2a2 
2a2 
7 	A2 = 
—a3 a2 a3 
A3 = 
a3 	. —a3 
a2 2a2 
A4 = 
We can now solve Equation (3A.4) for I1i using any of the standard linear algebra 
method such as Gauss-Siedel6 and we denote the value function on the (fni,iii) domain 
as 
3.A.2 SoV method 
In order to be able to apply the SoV method we require that (3A.1) is changed into 
the required form. We rescale the variables appropriately by letting wi = 	 - and 
/hi = HijNIC:VGii. Equation (3A.1) becomes 
024a
iaco, 19(.412 
2ii 	52 .1 
aw2 + 2G,3 a 	+ — + 211,30),w3 + ch. = 0 w (3A.5) 
   
6 For the more interested reader please refer to Smith (1985) and Golub and Van Loan (1996). 
2 +2 
H 	Fiji 
3 
3 - W • ) - —i  C4) 3 • + 6 3 	ij 
(3A.8) 6 
Wi- 
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where Gi•  = 	„ii 
 and the associated boundary conditions are 
buy boundary i: 
sell boundary i: 
buy boundary j: 
sell boundary j:  
thai = 0 	on cui 
(.21 = 0 	on cui = wi+  
aw; —  0 on wiJ— 
.2L11-n — 0 	on w j = 
Owi 
Again, without losing generality we omit the superscript. We write the solution to 
(3A.5) as the sum of a homogeneous solution or complementary function, Iii, plus a 
particular solution, hp. Thus the solution to (3A.5) can be expressed as Ii  = 'lc + ilp 
and suppose that the particular solution takes the form 
hp 
1 
6 
A. I = 	- 	n 	3 UJj W1W2) 
, 1 	tc04 + 
12 	3 i3 	i 	3 ) 
1 - 2 - —12 HiiGii (wi+ 4+) w? + 
1 — —12 HijGij  Pi2+ — ch.)j+) (coi2, — w.1) 
2 w 
" Gij 
 
 
Hi 
- 2 Gij  
(3A.6) 
which satisfies the PDE in (3A.5). The complementary function must satisfy 
a2 fic 	 1i + 	a21, 	02  c + 	c = 0 
06)2, 	3 awiaw3 	a(A) 
(3A.7) 
The boundary conditions for this complementary function on the buy boundaries and 
sell boundaries of asset i and asset j, respectively, can be expressed as follows 
• On the buy boundary i 
alit  
awi 
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• On the sell boundary i 
afic 
awi 
w1+ 
= 
Ci , 2z+_ -2 +1 7
1 
  -
Hi 
1 
3• 
 + 
kI/ 2j6 	 2aij 	6 (3A.9) 
   
• On the buy boundary j 
al l , 
   
(22 3+ 
_ 4. ) + 1 	 wi. 	fiii 3  
+I 	2 aii 	 + —6—L'i 
(3A.10) 
(9W; 
 
- 
6 
      
• On the sell boundary j 
afic 
ace;  
Wi+ 
6 (24.1 3+ — Cili+) 
2 \ 	1 Hi 
CaJ flii-Wi 3 
2 CT i; 6  
(3A.11) 
     
Note that we have used the symmetry property of the boundaries, i.e. wi+ = —wi_ 
on the boundary with normal wi for any i. 
As (3A.7) contains the 	term, we, therefore, cannot apply the SoV method. As 
we assume that aii is small, we can neglect the term Gi, in (3A.7) in our calculation. 
The resulting approximate equation is of the form 
a211 02.11  
aw? (1.4 = 0 	 (3A.12) 
The reader is reminded that the solution obtained is for the perturbed value function of 
order 0 (p) , and thus the error introduced in omitting the aii term will be insignificant 
especially when we combine with the full solution. 
If we write 
Kim = 
IL
1(2m + 1) 71 
2wi+ 
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then the solution to Equation (3A.12) takes the form 
00 
wi) = E Bim sinh [Kjmc.oi] sin [Kimwi ] 
m=o 
CO 
+ E Bi,sinh [Kimwi] sin [Kimwi] 	(3A.13) 
m=o 
Its first-order derivatives are given by 
00 
E BimKj m cosh [Kjmwi] sin [Kjmwj] 
m=o 
co 
+ EBjmKim sinh [Kimwi] cos [Kimwi ] 
m=o 
ally 00 E BimKjm sinh [Kimwi] cos [K jmw j ] 
m=o 
00 
+ E BimKim cosh [Kimwi] sin [Kimwi] 
m=o 
ow.;  
respectively, and these derivatives must satisfy the four conditions, (3A.8) , (3A.9) , (3A.10) 
and (3A.11) on their associated boundaries. The Fourier coefficients Bim and Bjm can 
be determined and are given in the form 
and 
K73  Bim = (-1)m wj+ cosh3[Kmimwi+] 
{ 43 1-iii(2w4 '44+) 	1 
+-kkij Ki7m2 [3. [(2m + 1) 7]2 — 12] 
1-2L„ 
ij 
Bjm 	 Kim  = (-1)m wi+ cosh [Kmitoj+] 
(2w.1+ — 6 + ) 
[(2m + 1) 7-]2 — 12] 
+4-IL Gi;  } 
 
respectively. To this end, we can easily find the second-order derivatives of (3A.13) with 
aflc 
awi 
and 
and 
a2fic 
awl 
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respect to cui and wj respectively and they are given as 
00 
E Bzm. K?m  sinh [Kjmwi] sin [Kjmwj] 3 
m=0 0. 
- E Bimn sinh [Kimwj] sin [Kimwi] 
m=o 
00 - E 	sinh [Kjmwi] sin [Kjmwi] 
m=o 
co 
+ E BintKi m sinh [Kimwi] sin [Kin,wi] 
m=0 
The second-order derivatives of the full PDE can be found by 
h2.t. A2 c a2llp  
awl — + att),? 	aili 
for asset i and similarly for asset j, 
a2 	a2 02 _tip  
+ 
Ow? = awl 3 	3 (9(.02 3 
The last step for the SoV is to rescale the value function and its derivatives so that they 
are defined in terms of (bi, ii)j) co-ordinates. 
Appendix 3.B Proof that matrix G is positive definite 
Suppose G is a positive definite matrix and is defined as 
G= 
G11 
G21 
GN1 
G12 
G22 
GN2 
• • 
• • 
' 	• 
• 
• 
• 
GIN 
G2N 
G N N 
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whose (i, j) entry in the matrix is 
	
N 	 N [   
Gij .,- ibitbj o-ij — E lb pCS p j E crioi)q + E E ,thpupobq 
p=i 	
- 
q=1 	p=1 q=1 
 
(3B.1) 
  
The following are necessary conditions for a Hermitian matrix G to be positive definite: 
1. Gii > 0 for all i 
2. Gii + Gjj > 2 IRe (Gij)I for i # j 
3. The element with largest modulus lies on the main diagonal, 
4. det (G) > 0 
We aim to prove these conditions for the definition (3B.1) . 
PROOF OF CONDITION (1) Here we give a proof of condition (1), which states 
that every diagonal element must be positive. Here we have 
[uii — 2 
N 	 N N 
Gii = 1.-4 	E /iipo-iy, + E E Ibpo-poi)q 	for all i = 1, . . . , N 
p=1 	p=1 q=1 
which can be written in a quadratic form as 
Gii = yTEy 	 (3B.2) 
iT where E E RNxN is a positive definite covariance matrix and y = Iyi , y2, , yNi E 
RN x1 is a column vector whose elements are non-zero 
Yk = wi (Zbk — 8ik) 
The variance-covariance matrix, E, is positive definite by definition, so thus we can 
deduce that the diagonal element, Gii, is always larger than zero from the positive 
definite properties of E and Equation (3B.2). 
PROOF OF CONDITION (2) In condition (1), we have already found that Gii is 
always positive. However, we do not know the sign of Gij a priori, therefore, there will 
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be two subcases that we have to consider, ie, Gij is positive and Gij is negative, 
Case 1: Gij > 0. For case 1, we need to show that Gii + Gjj — 2 Re (Gij) > 0. We 
denote this as a quadratic form as follows 
Gii + Gjj — 2 Re (Gij) = yTEy 	 (3B.3) 
i where E E RNXN  is a positive definite covariance matrix and y = [yi , y2 , ... , yNj 
RN' 1  is a column vector whose elements are non-zero 
Yk = Wk Rthi (5ik) 	- ik)1 
From the quadratic form of Equation (3B.3), it can be seen clearly that Gii+ Gjj — 
2 Re (Gij) is always positive. 
Case 2: Gij < 0. For case 2, we assume that Gij is negative and condition (2) now 
becomes 
Gii + Gjj + 2 Re (Gij) > 0 
As in case 1, we can write Gii+Gjj+2 Re (Gij) as yTEy, where y = [yl , Y2, • • • ,YN]T E 
RNx1  is a column vector whose elements are non-zero of the form 
Yk =Wk [(111i 6ik)+ (thi —6ik)] 
Hence, Gii + Gjj + 2 Re (Gij) cannot be negative, because it is written as a quadratic 
form with a positive definite covariance matrix. Thus we have shown that the matrix 
G, satisfies condition (2) and this is independent of the sign of Gij. 
PROOF OF CONDITION (3) From condition (1), we know that the diagonal ele-
ment is positive and, thus, we have the following identity 
Gu+ Gjj  max (Gii, Gjj) 2 (3B.4) 
which simply states that the average of two diagonal elements must be less than or 
equal to the maximum of one of its elements. We have also found from condition (2) 
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that (Gii + Gii) /2 > IGii I. Thus, together with Equation (3B.4) and condition (2), we 
can deduce that 
Gii + Gii  max (Gii, Gii) > 	2 	> IGij I 
Thus, we have demonstrated that the main diagonal element is always larger than the 
off-diagonal element. 
PROOF OF CONDITION (4) The determinant of G can be decomposed to 
[( RN lbsi 	1_ N 
det (G) = 
J=1 	i=i 
) 2 
det (E) (3B.5) 
where E is the positive definite covariance matrix. The elements in the square bracket 
are squared forcing it to be positive which is multiplied by the determinant of the 
covariance matrix. Thus, it can easily be seen that det (G) is always positive. 
We have shown that symmetric matrix G satisfies all of the necessary conditions, 
hence G is a positive definite symmetric matrix. 
Appendix 3.0 Determining the arbitrary constant, H1 
Let us denote the boundary between the NT region and the buy (sell) region of asset 
respectively). There are 2N corner points, which are described by a set 
of coordinates of the form {u11±,17.)2±, 	, ION±, }, where every combination denotes a 
different corner. For example, the four corner points in the two-dimensional problem are 
{01'1—'1624 (261_, w2+), 	 ti)2+)}. At any corner, various second-order 
derivatives become zero, thus the remaining parts of (3.16) are 
N N 
E 	Hi, 	+ H = 0 
i=1 j=1 
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and expanding this according to (3.18) and (3.34), we have 
N 	 N 	 N N 
EHiitu ±°)2 + Ho +p 2 E Hii tele) + 2 E E fiii.i±cowl+H, +0 (p2) =0 [ 
i=1 	 i=1 	 i=1 j=i+1 
(3C.1) 
We have found Ho by using the Legendre transformation. However, for 0 (p) , the value 
of H1 is not known a priori and we find this value by using the linearity of the PDE. 
We can write I1 = 1] + H1/121 , where An is the solution with 
Hip Pii 1-k-2 awV 2 = 	, 	and H1 = 0 
and /121(ij) is the solution with Hij = 0 and H1 = 1. Thus the condition (3C.1) to 0 (p), 
implies 
EiN=i 	
2-d*= 	
fi -(0) - 
j
0) 
1 2-j=i+l -uki wi± W ± H1 = Ei=1  N R-iiti.41(0) tia)[2] + 1 (3C.2) 
-( )  where w is the solution at the corner of the uncorrelated case, i4±1)111 is associated 
with solution RI evaluated at the corner 7:14±°) and i4±1)[2] is associated with solution 121  
evaluated at the corner id). 
Chapter 4 
Optimisation of N-risky asset 
portfolios with stochastic variance 
and transaction costs 
4.1 Introduction 
In this chapter, we examine the intertemporal optimal portfolio selection problem of an 
investor who faces proportional transaction costs when trading between a risk-free asset 
and N risky assets. The investor's objective is to trade and consume so as to maximise 
the cumulative expected utility of consumption over a finite time horizon. The problem 
is also extended to include stochastic variance. 
We begin by introducing the model of an economy with transaction costs as well as 
stochastic variance. This is followed by the derivation of the general governing equation 
for the value function with the inclusion of transaction costs and stochastic variance. 
The perturbation analysis is used on the transaction costs parameters and we provide 
the implicit solution for the optimal portfolio allocation and consumption in terms of 
the value function and allocation without transaction costs. We give an example for a 
portfolio consisting of one risk-free and two risky assets. 
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4.2 Market model with transaction costs 
We begin by writing down the dynamic equations of the wealth in the risk-free asset, 
So, and the wealth in the risky assets Si for the N assets as follows: 
dSo (t) = [rSo (t) — C (t)] dt E[_(1+ Ai) dL (t) (1 — 	dMi (t)] (4.1) 
i=i 
dSi (t) = aiSi (t) dt + V (t)2 ' Si (t) dpi (t) + dLi (t) — dMi (t) 	(4.2) 
for i = 1, . . . , N. Here r is the instantaneous rate of return of the risk-free asset; C (t) 
is the rate of consumption; ai denotes the instantaneous expected rate of return; Ai 
E [0, 1) and µi E [0, 1) represent the transaction costs associated with the purchase and 
sale, respectively, of the risky asset i; Li (t) and Mi (t) denote non-decreasing cumulative 
purchase and sale of risky asset i on [0, t], which can be written as 
Li (t) = fO lti(s) ds, 	Mi  (t) = f c,mi (s) ds 
where /i (s) and mi (s) are positive and uniformly bounded by K < oo. The consumption 
process, C (t), must be non-negative and integrable for any finite time t, that is 
	
C (t) 0, 	fot C (s) ds < oo 	for all t > 0 
The time varying variance, V ,  of the underlying asset Si for i = 1, . , N is described 
by 
dVi (t) = 	(Vi, t) dt 	(Vi, t) 	(t) 
	
(4.3) 
where Ci (t) and (t) are Wiener processes with the properties 
E [d( id( i ] = pii dt, 	E [ckidei ] = vijdt, 	E [d( i cki ] = 
We denote pig for the correlation coefficient between the price processes of the risky 
asset i and the risky asset j, Vij for the correlation coefficient between the risky asset i 
and the variance of asset j and vij for the correlation coefficient between the variance 
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of asset i and the variance of asset j. Note that fi (Vi, t) and gi (Vi, t) must be chosen 
with care to guarantee that the variance is non-negative. 
We represent a'= 	a2, , aN] for the corresponding vector of the expected rate 
of return, S' (t) = [S1 (t) , S2 (t) , 	, SN (t)] for the vector of the wealth in the N risky 
assets at time t and V' (t) = [V1  (t) , V2 (t) , 	, VN (t)] for the vector of the variance of 
the N risky assets. The solvency region can be defined as 
S= {(SO,S) E IRN+11S0 + E min [(1 + Ai) Si, (1 — tti) Si] 0} 
Suppose that the investor is given an initial endowment [So (0) , S (0)] in S. A policy 
(C (t) , Li (t) , Mi (t)) for i = 1, . . . , N is admissible if the wealth in So and S given by 
(4.1) and (4.2) lie in S for all t > 0, that is, 
Pr [(So, S) E S for all t > 0] = 1 
Therefore an admissible policy will ensure that bankruptcy does not occur in finite time. 
We will use A to denote the set of all admissible policies. The objective of the investor is 
to choose a portfolio-consumption strategy, consisting of a set (C (t) , Li (t) , Mi (t)) for 
i = 1, , N of adapted processes, in such a way as to maximise the discounted utility 
of consumption over [0, T]. The value function, J, can be defined as 
J (So (0) , S (0) , V (0) , 0) a- 	max E0 	e—°tU [C (t)] dt + B [So (T) ,S (T) , 71} o  
(4.4) 
where B [So (T) ,S (T) , T] is the bequest valuation function. It measure's the utility of 
having some money left at the end of the period, T. Here E0 denotes the expectation 
conditional on the information at time t = 0, q5 represents a positive discount factor 
and U [C (t)] denotes the CRRA utility function, which is a class of HARA functions, 
defined by 
(C) = 	0 < < 1 
'Y 
(4.5) 
where y  denotes the relative risk-aversion coefficient. 
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4.3 Perturbation analysis for small levels of transaction 
costs 
We apply dynamic programming and Ito's lemma to transform (4.4) into the HJB equa-
tion. The formulation is similar to that described in Atkinson and Mokkhavesa (2004) 
and Atkinson and Ingpochai (2006). The optimal portfolio allocation with transaction 
costs and stochastic variance can be written as 
0 J 0 = 	exp (-00 U [C (t)] + at 
N 
+ [(rSo (t) — C (t)) + E [— (1 + A) /i + (1 — 	aso 
i=1 
N (9.1 +E [aiSi (t) + li — mi ] asi  
i=1 
N N 	 a2 
EEpiivi col V  coi  Si  (t)  Sj  (t) asios  
i=1 j=1 
	j 
 
N N 
+E 	(Vi, t) 	+ 2  EE viigi (Vi, t) g j (V3 , t) a vi  520Jvi i=1 i=1 j=1 
(92 N N E E 	(01  Si( t ) g 3 (V3  t) as" i=1 j=1 
(4.6) 
where J = J (So (t) 7 S (t) , V (t) t). C, l i , mi denote the consumption rule and the 
investment strategies that belong to the set of all admissible strategies. The maxima 
are achieved as follows: 
exp (-0) [C (t)] = as° 
as > (1+ Ai)kj 
0 0-1 , —i ) 
( 1 Pi) 
0 	asz > (1- Az)  aSo 
for i = 1, . , N. 
li 
= 
mi = 
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The problem can be restated as the evaluation of the value function J (So, S, V , t) 
subject to 
0 = max {AJ, irzazv LiJ, irzyN Mi ,J} 
	
(4.7) 
where 
AJ 
a 	 aJ exp (-0t) U [C* (t)] +  at + [rSo (t) — C* OS0 
ad- +E nisi  (t) Si i=i 
+Efi (vi,t) Vi i=i 
1 N 
	
N 	 02 j 
pijvi 	Vj  (01  Si (t ) ( t) asiasi 
i=1 j=1 
N N 	 492 
± "2- viigi (vi, t) gi  _, _, aviavi i=1 J=1 
N N 
E E 	col Si cogi t) asiavj 
i=1 j=1 
(4.8) 
together with: 
LZJ 	 J = 	(1  + Az)  aso asi 
, aJ aJ ma = (1- Az) 
(4.9) 
(4.10) 
The value function J (So, S, V , t), which is the optimal expected value function as con-
ceptualized by Bellman's principle of dynamic programming, allows us to find the opti-
mal consumption as well as the free transaction boundaries. The transaction boundaries 
are determined implicitly by the condition, LiJ = 0 and MiJ = 0, respectively, for the 
buy boundary and sell boundary of asset i. 
We apply perturbation analysis by assuming that the transaction costs are small 
compared with the size of the transaction. Note that when the transaction costs, Ai and 
iti , tend to zero, the problem as stated by (4.7) reverts back to Merton's formulation 
with stochastic variance in the absence of transaction costs. Hence, we perturb about 
Merton's value function. 
We represent the total wealth, W, for the sum of the wealth in the risk-free asset 
N N 
,t9i j vi 2 wigi w a  wavi (4.13) 
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and the wealth in the risky asset less transaction costs: 
W = SO E (1 - Si 
i=i 
(4.11) 
Then the value function J (So, S, V, t) in the NT region of (4.7) can be expressed as 
J (S0 , S,V ,t) = (W,V ,t) + J (W,V,t) + J (S0 , S,V ,t) 	(4.12) 
where J (W, V, t) represents Merton's value function with stochastic variance, J (W, V, t) 
represents the perturbation term of low order which does not affect the boundary con-
ditions in (4.9) and (4.10), while J (So, S, V, t) is the perturbation term which satisfy 
the boundary conditions. Merton's value function with stochastic variance satisfies 
0 = 
16,wi} 
max {exp HO] U [C (t)] aj 
+Kr + E (ai — r) wi) — C (0] ow 
N 
 i=1 
al 
N N 
+ 2 EE pijV2 vj2wiwjW 2 f9W 2 
ai 1 N N 
+E i=1 	 i=1 '=1 
,92 
aviavi 
z=1 j=1 
where wi is the proportion of total wealth invested in the ith asset. The first-order 
conditions for a regular interior maximum to (4.13) are 
exp [—O] U' [a* (t)] = 	 (4.14) 
and 
— r) 
 
N 1 	1 	2 52j 	N 	1 	52 j >1p vi2 ,thiw wv..7 ± E viivi 2 giw away.,  = 0 
j=1 	 j=1 
(4.15) 
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for i = 1, . , N. Equation (4.13) must be solved subject to the final condition j (W, V, T) = 
B [W (T) , T], where B [W (T) , T] denotes the bequest valuation function. We let j (W, V, T) = 
€1-7 exp ( -0T) W7  for 0 < E < 1, see Merton (1992). 
It is more convenient to express the investor's portfolio choices in terms of wi, the 
proportion of wealth invested in the risky asset i. As Si = wiW, we can rewrite (4.11) 
as 
W - So - E7_1 joi (1 - Si 
(4.16) wi =, 
	
	  
(1- W 
We exploit the fact that the transaction costs, A and A, are small and re-write them 
as A = ea and p, = cru where c < 1 with a andµ as 0(1) constants. The consumption and 
the allocation can now be written as C* = a* + 0 and wi = iui + w i and the procedure 
for determining the governing equation for the perturbation terms can be found as 
follows. We rewrite AJ = 0 using (4.12) and (4.16). Then expand the consumption 
and the allocation and apply the Taylor series expansion to the utility function about 
Merton's optimal consumption, a*, to give Merton's value function and the governing 
equation for the perturbation term. By subtracting off (4.13) and using the interior 
maximum conditions in (4.14) and (4.15) for simplification, the governing equation for 
the perturbation term is found to be 
0 = exp (-0) — 
022 u„ (0.) + N N 	 aw w2  .923  2  
i=1 j=1 
N N 
1 	 2 4923  E E 	vi2 [tDobi (1 - 	+ 	(1 - pi )] w aw2 
i=1 j=1 
N N 
\ 	2 52,1  +- 2 	vitDitvi (1-  tii) (1  - pti) w aw2 
N N 021 	N of  +2 E E 	vi2 sis_
asias 
 E 
• av i=1 
 
7=1 	 3 i=1 
N N N N 02 	 02 
+-2 E E voigi 	+ E E 	+ r (J) (4.17) aviavi asiavi  i=1 J=1 	 i=1 J=1 
i=1 2=1 
ai 	N 	a j +—at + [rSo - (a. + c)] —(Iasi aso asi  
(f) = 
i=1 
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where 
( 	— r) 	W — 	,:TT.j; 
N N x--• 	1 1 
-12_, 2_, 	 fbiv).7 w2 aw2J2  
j=1 
N aj 	N N 
+ 2  - E E vij gig; 0,  avi =i 	i=1 j=1 	"V3 
1 02 j  + E E t9i j Vi 2 gthigj w ow a vi  
i=1 i=1 
[N 
+ E [—iii (ai — r) f.sviW + (1 — pi ) (ai — r) tDiW] — C ow  
i=i 
 
N N 
i 	 1 1 	 a2i + E Epiivi2v,27bobi (—P 	2 i — Pi + PiPi) w aw2 
i=1 j=1 
N N 
+2 
2_, 2_, piiVi2 Vi2 (ibizki + li)itiii + iDigii) (1 — pi ) (1 — p) W2 02j 3 aw2 
i=1 J=1 
N N 
(4.18) 
The free boundary conditions (4.9) and (4.10) become 
of of 	 0,1 LiJ = — (Ai + pi ) [-aw 	of + 	+ 	— (1  + Az) as°  
0J aJ 
Ma = (1— aso osi 
We assume that the perturbation for the total wealth can be written as W =W+W.  
The independent variables So and Si are perturbed about So and Si, respectively and 
they can be expressed as 
So = So + So 
r N 
= 	Ll E (cui + tT)i)] (w + w) 
N N 
	
N N 	1 	 02 
i=1 
,92 7 
+ 
	viivelp, (1 PI) g3W  OW OVj 
1 _ EE 	tbigiW awov, 17f .fr=1 i=1  
where IXr1 = 	g)2, . , WAri. This change of variable suggests 
N  0,1 	1 	al E ,j7D HthP )  aso p=1 P 
	
ar 	 1 N ar _ 
asi w aff) P Pi p=1 	P 
 rji 
of 	1 N N 027 
asiasi 	w2 E 2_, off)P  off)q ( Si p  — P) (5 iq filq)  p=1 q=1  
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and 
Si = Si + Si 
where go and Si are Merton's values given by go = (1 — EjN_i tbi) Fif and Si = I1 jW. 
This implies that 
N 
So 	= 1 -Eli) i) W - 	( 717 + ITV) 
i=1 	i=1 
tbiw + 	+ W) 
By noting that W = So + 	we can write (4.20) as 
'1Di = -1  Si - 2Ui E - -114,901 
J=1 
(4.19) 
(4.20) 
(4.21) 
For the purpose of simplification, we transform to the new coordinates (fv, V, t) and 
write 
I (So , S, v ,t) = I (vr,v ,t) 	 (4.22) 
for i, j = 1 to N. Here (5ii represents the Kronecker delta. 
The equation for J (so , S ,v , t) and the two transaction boundary conditions can 
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now be expressed as 
02 	- exp (-00 T ull (c*) + G (J) 
N N x• 	 2 52,1  Piivi 2 v; [ 00i ) (1  — 	+ D Pi (1  — Ai)] w aw2  
i=1 J=1 
N N 
±_
2 E 
 
i=1 j=1 
N N 	 a2 \-• I I pii Vi 2 Vi2 71)01)2 	W2 
+— 
2 	rit-.7 aw2 i=1 
N 	 N 
, [rW (1 — 
i=1 	 p=1 
(1 — wi) — (C* + C)] [ T,T. 2_, 
1 	al 
 (— w p) 
P 
N 	 N - 1 	Pi + E aiwiW [Tv- E ,D- (Sip  - lipp) 
i=1 	 p=1 P 
, N N 	 N N 	2 - 1 	 1 1 	 1 	 a  _,___ E Epiiiii 217/ wiwjW2 _ E E  
2 jW2 "P  — 11)19) (65 i q — lils q) i=1 j=1 	 p=1 q=1 aff)Pagj g 
N 	- 	N N v-N , al 1 ..v.-„ 	au- + 2_, J i — + 2_, 2_, vijgig3 	 au 2 	 aviavj i=i 	i=1 j=1 
N N 02.1 
E 	giwiw w E alp ay. (Sip  —6)73) i=1 j=1 p=1 	P 3 (4.23) 
  
LiJ = 
MiJ = 
	
[ai 	of 1 A, N al- 	1 al- 
-(Ai + A' ) T9r4i + .1 ± TV 	5Fp t'P + tiv— ao, p=1 
N  ([ wi 	aa w, 	wl aI  
p=1 P 	awi 
(4.24) 
(4.25) 
The magnitudes of the perturbations for the independent variables and the value 
function can be determined by assuming that 
I (vv, v, t) = 	v, t) 
= etio, 
2 J  1 — 	(1 — Iii ) W2 aw2 
4 - 
I = 	 + 	v, 
i=i 	i=i 
2 N 
(4.26) 
N N 	
2 a2 ow2 
j=1 
I. 0 
N N 	02 
+ 	aUi + EE voig3 aviav i=1 	 i=1 j=1 
N N 	1 	a2 
+EE19iii7i2117igiW away. i=1 j=1 
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The relationship between i and t is found by collecting terms of the same size in (4.23) 
and equating them to zero as well as satisfying the buy and sell conditions. The leading 
terms in (4.23) are of order 62t, which must be balanced with en-2`, a contribution from 
02 I  
atiopei-vq • To satisfy the buy condition, the term with order e must be balanced with the 
e-t term. These conditions yield n = 4 and t = 3, which implies 2Ui = Eifbi. It follows 
that So = E3So, Si = E 3 Si and W = El W. 
To ascertain I, we assume it has an expansion of the form 
As the sell condition requires Ma = 0, we must have ei Bi2 + ei Bi3 + E awi = 0. This 
implies that Bi2 = Bi3 = 0 for all i = 1 to N. Note that other terms are captured in 
J(W, V, t), whose expansion is of the form 
J = E 3 A1 (W, v ,t) + Ei A2 (w,v ,t) + e A3 (w,v ,t) 	(4.27) 
where r (J) = 0 subject to the terminal condition J (W, V, T) = 0. 
We can solve (4.23) by substituting the expansion for I and J and equating powers 
of el. We find that, to order 
Li (A1) = 0 	 (4.28) 
where Li represents a linear operator 
Li = 
+[(
N 
r 	E (ai — r) W — 	 a 
i=i 
(4.29) 
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with the final condition Al (W, V, T) = 0. The solution to this differential equation is 
Al (W, V, t) = 0. 
The governing equation (4.23), to order el, gives 
N N 1 	1 	1 a  2j  0 = LI (A2) + 2 E E PijK2 VI u3iwiW
2 
 aw2 
i=1 j=1 
N N 	 [N N 1 i 	 521 
+- 1  2 E E piiVi2 Vi- Iiiiliii E E ath. alp (8ip — tbp) (6.  siq — 11) q) 
i=1 j=1 	 p=1 q=1 	P q 
(4.30) 
subject to A2 (W, V, T) = 0, where the independent variables are fv- i for i = 1 to N. 
Note that we have used Al = 0, which is found from the preceding order. 
4.3.1 Effect of transaction costs upon the transaction boundaries 
For simplicity, we assume the price processes of the risky assets are independent, i.e. 
pii = bii, and the variance of asset i and the variance of asset j are uncorrelated, i.e. 
vii = 8ii. Note that this simplification is not essential as far as determining the optimal 
behaviour when there are no transaction costs. However, such a simplification becomes 
important when we apply a perturbation method to analyse the situation in the presence 
of proportional transaction costs. Thus, the governing equation for I as given by (4.30) 
can be rewritten as 
where 
N 	521 N 
0 = EE G,3 ao Jag) • + 	± GI (A2) i=i j=1 	3 	i=1 
1 
Gii = 	E vith,2 (bip — tbi) (5 — 
p=1 
2 o2 Hi = 	aw2 
(4.31) 
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and the linear differential operator in (4.29) simply reduces to 
N 
Gl (•) = 	[(r + E (ai — r)tbi) W — 	oaw  
i=i 
,q2 	N 	a 	1 N 2 02 
	
n 	 
Ji DV 	2 Z--'31' av2 i=1 	 i=1 	i=i 
N N 	1 
Vi2 tbigjw away i=1 j=1 
(4.32) 
The PDE in (4.31) is known to be of an elliptic type (The proof can be found in 
Atkinson and Ingpochai (2006)). The two conditions governing the free transaction 
boundaries are defined by (4.24) and (4.25). On the boundaries between the buy region 
and the NT region we must satisfy La = 0. Similarly, on the boundaries between the 
sell region and the NT region we require Ma = 0. The free boundary conditions for 
the ith asset for i = 1 to N, to order e , are 
buy boundary: 
 
_ 	ai = C5ti +
wi- 
(4.33) 
   
sell boundary: 
011 = ° atDi wi+ 
(4.34) 
Here 	and wi+  represent the value of the perturbed variable %Di on the buy and 
the sell boundaries respectively. At this stage, these need not be constants but are 
functions of the other fui. The constraints as given by (4.7) state that La and Ma 
must be negative inside the no-transaction region. These conditions can be guaranteed 
if La = MiJ = 0 is a maximum at 	and fui+, which can be ensured by imposing a 
condition on second-order derivatives as follows 
buy boundary: 
sell boundary: 
821 = 0 
Li_ 
 
_ 	= 0 
wi+ 
(4.35) 
(4.36) 
'4 
These conditions are equivalent to the smooth pasting condition as defined in Dixit 
(1991) and Dumas (1991). 
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The solution to this free boundary problem has been given explicitly by Atkinson 
and Mokkhavesa (2004). This has also been verified by Atkinson and Ingpochai (2006) 
via the use of the Legendre transformation. The solution to the free boundary problem 
in (4.31) for I can be expressed as 
2 	 1 
4 	(3Ei) 3 ( - i) 3 2 Ei [ 	w  	w• +-wi = 12Gii 2 4 Gii
H 
2 i=i 
 
(4.37) 
  
where 	+ 	W4. The perturbations governing the transaction boundaries of 
asset i = 1, . . . , N are found to be 
1 
3  
011/1G-E) and iv ' 
3
4H 
( Lufa) 3 
which can be expressed as 
and 
= - 
= 
2 03 
1 
3 
1 
3 
(4.38) 
(4.39) 
[
pN I vo) p2 (jip - 11)0 
•• (Yti. + 
j.. w- 	* 
Iti) Ibi 
(cei, 	) 	ai 	N 	, , 	. 	a2 j vi, vz 
1 
.2 + E — r 1 .47 j=1 93 away; 
v.,N V 	oip — thi)2 a L.dp=1 	21)2 P p _.3 (xi ± 
pa ) 
ii).1  [ 	
(ai — 4 af 	N 	
1 82 j 
r) 7c + Ei=119i.illi 2 gi away; 
Note we have used the first-order conditions for a regular interior maximum in (4.15). 
This defines the NT region explicitly in terms of Merton's value function with stochastic 
variance. 
We also have a condition for A2 from (4.31). At the transaction boundaries, all of the 
second-order derivatives becomes zero. The remaining terms are EiN i 1/i4±+Gi (Az) = 
0, where Cvi± denotes the value of the perturbed variables on the boundaries. This implies 
that the corner points, which are the points of the intersection of all the boundaries, of 
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the NT region must satisfy 
.C1 (A2) 
2 }.5. 
1 	{ 3 
2 	— (Ai + V
i 2 L h p2 (jip th , 	w2 aj 	02j aw 0W2 i=1 p=1 
(4.40) 
with A2 (W, V, T) = 0. This analysis is simplified considerably due to the assumption 
that the risky assets are uncorrelated. However, the NT region for the correlated multi-
asset portfolio can also be determined by following the procedure described in Atkinson 
and Ingpochai (2006). 
4.3.2 Effect of transaction costs upon the consumption rule 
In the presence of transaction costs, the optimal consumption rule, which is found by 
differentiating (4.8) with respect to C*, must satisfy 
exp (-0t) 	[C* (t)] = aso 	 (4.41) 
Whereas, Merton's consumption rule C* is given by (4.14). As we assume that the 
transaction levels are small, the effect of transaction costs upon the optimal consumption 
rule can be found by subtracting (4.14) from (4.41) and using (4.12). This yields 
exp (-0) [U' (C*) — (0*)] = 	+ OW OS0 
We expand U' (C*) about C* by letting C* = 	+ C and use (4.27) which gives 
5,43 exp (-0t) [Cu" (6*)] " a 
oA2
w +Er-v-
v &I 
as° 
As —aj  is order e3 4 , the leading term on the right is order e3 2 . Thus aso 
2 exp (0t) 
= 	
ull (6'*) 
	 (4.42) 
where A2 satisfies the PDE in (4.40). 
(i + Pi)tiii 	2 2 Wi_ = 	3  A  Eupwp ((Sip — 6'02 4 	(ai — r) 
3 
(4.48) 
p=1 
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4.4 Portfolio optimisation with constant variance 
In this section, we provide an example of a special case when the variance of the risky 
assets are constant. We let fi (vi, t) and gi (Vi, t) in (4.3) be zero, which implies the 
constant variance 
function takes 
where 
and 
of the form Vi = 	We begin by assuming 
the form 
J (W, t) = D (t) Wry 
1 r1+ (vE — 1) exp [v (t — T)]}1-7 D  (t)  = 
that Merton's value 
(4.43) 
(-0t) 	(4.44) 
(4.45) } 
exp 
1 ,.), N 1 v. (ai — r)2 v = 	{q5 1 — 7 r + 2 1--i a? (1 — 7) 
[ 	
i=i 	z 	
] 
At termination (t = T), D (T) = 1E1--r exp [—OT] which implies that a proxy for the no 
bequest condition is J (W, T) = 1;y E1-1' exp [—a] Wry. From the economic point of view, 
one can assume that the bequest function B [W (T) , T] = 0, i.e. E = 0. Merton's optimal 
consumption and the portfolio selection rules, where the risky assets are independent, 
are 
a* (t)  = 1 + (vE — 1) exp [v (t — T)]1W 
	
(4.46) 
and 
(ai — r) 
1.1) — cr? (1  — 
(4.47) 
for i = 1, . , N. 
The optimal transaction boundaries of N risky assets in (4.38) and (4.39), for con- 
stant variance can be written as 
and 
   
 
3 (Ai + 	fbi N  wi+ = 7:1) 	 E 0.20 (sip  _ 71,02 4 	(ai — r) 	P P 	 '1 ) p=1 
3 
(4.49) 
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Figure 4.1: Plot of the optimal allocation for the two risky asset scenerio. The dot inside 
the NT region represents Merton's optimal allocation. Bi and Si, respectively, are the 
action for the buy and the sell of asset i. The parameters used are al = 0.08, a2 = 0.1, 
a1 = 0.33, 0-2  = 0.5, r = 0.04, y = 0.5, Al = 0.005, pi = 0.005, A2 = 0.005, A2 = 0.005, 
cb =1, T = 5. 
for i = 1, . . , N. The illustration of these boundaries for the portfolio with two risky 
assets is shown in Figure 4.1. 
It is worth pointing out that the width of these transaction boundaries is independent 
of time, provided that the variances are time independent. These results are consistent 
with Atkinson and Mokkhavesa (2003) who solved a single risky asset problem and 
Whalley and Wilmott (1997) who considered the case of an option on a single risky 
asset with transaction costs. Law (2005) independently showed that the transaction 
boundaries for both the CRRA and the long term growth model are independent of 
time. These results might be a consequence of the continuous time model since many 
transactions can in theory take place during a small interval of time. 
On the other hand, the thesis examiners felt that their intuition suggested that these 
boundaries should show some time dependence. 
In order to find the effect of the transaction costs on the consumption rule, we must 
first solve (4.40) for A2. By substituting Merton's value function (4.43) into (4.40), the 
X 	
(1-Y) 3 7   2 =  2V1-7 
X1 = 	[r + 	(ai - r) 	(1  2 	 _ 
N 
i=1 
i=i 
i=1 
2 
[
N 
	
3 
E  o.p,thp2 
(alp _ ,
thi)2 
P=1 
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governing equation for A2, with constant volatility, can be expressed as 
2 
N 
 LF (A2) = (
1  7)3  'YD (t) 	 3 (A-i + it-i) 2 	L--3 4 i=1 p=1 
Ui 	 .273743 (5ip thi)2 	W7 (4.50) 
	
N 	 3 
with the final condition A2 (T) = 0, where we denote 
N 
LCi 	= -0719 [ 	E (,„ _ r) ibi) W — 	(,aw  
i=1 
02 
+ -1  oltqW2 2 	OW2 i=1 
We construct the solution of (4.50) in the form 
A2 (W, = F (t) W7 	 (4.51) 
By substituting this trial solution into (4.50), we find that F (t) must satisfy the following 
ordinary differential equation (ODE): 
OF r r 
+ [11 1+ (ve — 1) exp [v (t - T)]] 	F = x2v1-7D (t)  
subject to F (T) = 0, where 
(4.52) 
Substituting (4.47) into the equation for xi and using (4.45), shows that x1 = cb - v. 
The solution to the ODE (4.52) is then found to be 
F (t) = 	[1 + (ve - 1) exp [v (t - T)]] -7 exp (-0t) 
7 
X { 1 - exp [v (t - T)]  (ve - 1) exp [v (t - T)] (t - T) 	(4.53) -v 
15 
10 
IV 5 
0 
10000 
CA/ o o 	t 
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Figure 4.2: Plot of Merton's consumption, C*, and the perturbed contribution 0 for the 
consumption in the presence of transaction costs. The parameters used are the same as 
in Figure 4.1. 
and the consumption rule in the presence of transaction costs is 
C* = 
6,* 	ei exp (0) ['yF (t) W7-1 ] 
(1 — 'y) 0*-y-2 
(4.54) 
where 0* is Merton's consumption rule and C denotes the perturbation term as shown 
in Figure 4.2. It is seen that the effect of transaction costs on the consumption rule is 
of order el for C compared with 6*. 
4.5 Portfolio optimisation with stochastic variance 
Here we consider the case where the variances of the risky assets are governed by the 
stochastic processes in (4.3). As we perturb about Merton's value function with sto-
chastic variance, we must first determine the solution of (4.13). We assume that the 
optimal value function and the consumption rule, respectively, take the form 
i (W, V, t) = exp (-0t) D, (t, V) 1477 	 (4.55) 
and 
C* = Q(t,V)W 	 (4.56) 
Chapter 4. Optimisation of N-risky asset portfolios with stochastic variance and 
transaction costs 	 122 
By substituting these trial solutions into (4.13), the governing equation becomes 
N 
0 =— Opt , + 5aDtv  [ r+ 	(ai - r) /14) 
i=i 
-Q 7Dv 
NN 02 Dv  N 
2 
E 	( i — 7) Dv ± 	av 	2_,gi avi2 
i=1 i=1 i=i 
N N 	op, 
+7E Ei9iivi2tbigi avi  
i=1 j=1  
(4.57) 
Note we have assumed pij = Sij and vij = 8.ij for simplicity. Recall that pij  is the corre-
lation between the randomness of each asset and vij is the correlation of the variances 
with each other. The correlation between variances and assets 19ii is included in (4.57). 
The first-order conditions for a regular interior maximum in (4.14) and (4.15) can be 
restated as 
Q-y—1 = 	 (4.58) 
and 
0 = (ai — r) Dv — VOils ipv (1  — 7) + 
j=1 
	Dv 	(4.59) 
Equation (4.59) can be rewritten as 
x-.1s1
i= 	T 	(.. 4  (04 — r) Dv + Lai gi ay;  
wi = 
for i = 1 to N. We substitute (4.58) and (4.59) into (4.57), which can be simplified to 
aD 0 	= 	(1 — -y) /3;-7 
Ot
v 
 
N 
+ 	[fi + 	 ( 1 -  i=1 j=1 
[ — gb 	+ 7  E (ai 02]  D, 2 (1- =1 
(ai 	19iigi aD, 
V2 	aVi 
ViDv (1 — 7) 
N 2 x--• 2 a Dv 	 
avi2 2(1  _ 
N (E1=119i3gi Wil
) 2 
(4.60) 
7) 	Dv 
This equation must be solved for Dv subject to the terminal condition Dv (T, V) = el-7 
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and with the boundary conditions on V. 
We outline the procedure for solving Merton's formulation with stochastic variance 
as follows. As an example, we assume the dynamic behaviour of the variance in (4.3) 
has the mean reversion property by defining 
A (Vi, t) = (mi —Vi) and gi 	= yi (Vi — Virnin ) 
where 	yi and Oi are some parameters and Vmin  = If! " is small but non zero. The 
evolution process of the variance becomes 
dVi (t) = (Mi — 0 iVi) dt yi (14; — Vimin ) dSi 	 (4.61) 
and the governing equation for Dv can be rewritten as 
0 = (1 ,... —7) D 	+ °Dv .„ --r_.._ + [_0+r,),± _f-7- 7 	
N 
V• (ai — 02  D, 
] 
at 	 2 (1 — 7) ,=1 	vi 
N 	 N I  
+E (mii- oivi)+  7  E n -0 1.9iiYi (Vi — Vimi,i ) OD, 
i=1 	 (1 — 7) j_i 	
1 
	
V3.2 	
aVi 
N  
2D  — Ey? (Vi — V min )2 av 2 	OVi2 i=1 
-y 	(E3. "°i:iYi 	Vmin)F1j1.   )2 
+2 (1 7) Dv  (4.62) 
Note that Vii which is the correlation between the risky asset i and the variance of asset 
j is no extra complication as far as an explicit numerical solution of this equation is 
concerned. However, information about these correlations might be hard to obtain. 
We observe that at V,: = Vimin , Equation (4.62) reduces to 
aDv (t,  Vmin) = TminDv (t, Vmin) — (1 — 7) [Dv (t, Vmin)]T7 	(4.63) at 
2 
where Tmin = — 7 [2(11,5, 1 	 +7-1 subject to Dv (T, Vm in ) = 	. This is a 
Chapter 4. Optimisation of N-risky asset portfolios with stochastic variance and 
transaction costs 	 124 
Bernoulli equation whose solution is 
D, (t,V m in ) = 	 [1 + 
_ 
	
(
1 miry 
6 	exp ( min (t — T))] -1 ^y 
Tulin 	1 - 	) 	 1 - 
This is the boundary condition on Vimin . We also impose a condition 
vlimaaDv = 0 vi  (4.64) 
Equation (4.62) with boundary conditions in (4.63) and (4.64) cannot be solved 
analytically. We provide two methods for solving the non-linear PDE for Dv , which 
are described in Appendix 4.A. We have shown that the approximation method is 
reasonably accurate and it is suitable for the portfolio with N risky assets. Thus for 
the purpose of demonstrating our perturbation results, we opt for the approximation 
method in Appendix 4.A.2. Note that if more accuracy is required then the explicit 
finite difference can be applied. 
The remaining step is to find the realisation of the variance, which can be achieved 
by the change of variables Vi = V — Vim,. Equation (4.61) can be expressed as 
dVi (t) = —0iVidt 
and the solution to this stochastic differential equation is 
	
(t) = (0) exp [ (-0i — c) t + 	(t)] 
By retracing our substitution, we have 
(t) = Vimin + [Vi (0) — Vimin ] exp [— 	+ 	t yiej  (t)] 	(4.65) 
which satisfies the stochastic differential equation in (4.61). 
Once D, and a realisation of the variance have been obtained, one can evaluate 
Merton's optimal allocation, wi , which is a function of the variance, Vi and time t as 
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given by 
x-.N (ai - r) Dv + Vi 2  2_, j=iviiYi (V.i Vimin)aV = 	(4.66) ViD, (1 - ry) 
The transaction boundaries which determine the NT region as given by (4.38) and (4.39), 
can be defined explicitly in terms of 2Ui and D, (t, V) as 
[3 = - :4 (Ai + _ iJ  
1 
fish 	Ep=1177314 ( 843
-  '102 Dv  
3 
N (ai - r) Dv  + Vi 2 Ej=1 907 	- Vimin) V-1312/. 3 
(4.67) 
and 
77)1:+ = + -4 (Ai + 
[3 - 
(ai - r) 	+ Vi2 El3Y-1 190./ (Vi Vi • ) 1-='L)  
vNINT 	(s. 	\ 2 nv L-dp=1 "-"" 
3 
min av;  
(4.68) 
for i = 1 to N. 
Figure 4.3 illustrates Merton's optimal allocation and the NT region for the portfolio 
with a risk-free asset and two risky assets, where the variances of the risky assets are 
stochastic. The parameters used are al = 0.08, a2 = 0.1, V1  (0) = 1.2, V2 (0) = 1.5, 
r = 0.04, = 0.5, Ai = 0.005, Ai = 0.005, A2 = 0.005, 112 = 0.005, 6 = 0.01, 	= 1, 
1911 = 0.5, ?912 = 0.4, 1922 = 0.6, yi = 0.3, y2 = 0.3, M1 = 0.1, M2 = 0.1, 01 = 1, 02 = 1, 
Vima. = 1.5, V2max = 1.5 and T = 3. 
Under stochastic variance, the optimal portfolio allocation varies with time as well 
as variance. The reason for the NT region increasing with time is because of the mean 
reversion in the stochastic processes of the variance. With another equation for the 
variance, the NT region would have different characteristics to the one shown above. 
The optimal consumption rule under the stochastic variance framework can be found 
by solving (4.40) for A2. It can be shown that A2 has the form 
A2 = 	(t,  V) W7-1 
where Ft, (t, V) satisfies a quasi-linear PDE. Thus the optimal consumption rule in the 
3 
2 
1 
0 	
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Figure 4.3: Plot of the boundaries of the NT region subject to stochastic variances and 
transaction costs from different view points. The red line denotes Merton's optimal 
allocation in the stochastic variance environment. 
presence of transaction costs can be written as 
C.  = O
. E § exp (0t) [7F, (t, V) W7-1] 
(1 - 7) O*7-2 
(4.69) 
4.6 Concluding remarks 
In this paper, we have formulated the problem for the intertemporal optimal portfolio 
selection with transaction costs and stochastic variances for N correlated risky assets. 
A perturbation scheme, similar to Atkinson and Mokkhavesa (2003), has been applied. 
In the case of an N-risky asset portfolio, the problem becomes trickier. It is important 
that one realises the presence of the term .i(W, V, t) in (4.12). This term is not affected 
by the boundary conditions when the problem has been transformed to w-space. This 
is because J (W, V , t) is a lower order term in expansion analysis whereas the boundary 
conditions appear in order e. 
The procedure for the evaluation of the transaction boundaries for an N uncorrelated 
3 
2 
1 
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risky asset portfolio has been demonstrated (see section 4.3). For the CRRA utility 
function with constant variance, results are given for the optimal allocation as well 
as the consumption rules to leading order (section 4.4). The problem is generalised 
to include the effects of stochastic variance (section 4.5). A numerical method and 
an approximation method is given in Appendix 4.A for solving the value function. The 
approximation method is found to be very powerful and is suitable for the N dimensional 
problem as the solution can be stated explicitly. For an application where more accuracy 
is required, it is possible to extend the approximation method to higher order terms or 
use the finite difference method. Numerical examples have also been given for a portfolio 
with a risk-free asset and two uncorrelated risky assets for both constant variance and 
stochastic variance. 
The problem under consideration is simplified by the assumption that there is no 
correlation between the price processes of the risky assets. With our formulation, it is 
possible to establish the portfolio allocation and consumption rules for the correlated 
risky assets. This can be done by using the scheme as described by Atkinson and 
Ingpochai (2006). 
Appendix 4.A Method for determining Dv 
In this section, we provide two methods for solving the PDE in (4.62). One of which is 
the finite difference method and the other is the analytic approximation method. The 
comparison between these methods is also shown for the portfolio with a risk-free asset 
and one risky asset. 
4.A.1 Explicit finite difference method 
We let T = T — t to transform (4.62) into a forward diffusion equation. We define the 
function D„ (t, V) by its values at the discrete set of points 
T
T 
 = /CAT, 	k= 0,1,...,K— 1 
Vg =+ /A Vi, 	/ = 0, 1, 	, L 1 
Dk+1,1 - Dk,1  0 	= 	(1 — 7) (Dk,i) 1-7  AT 
N 	
_ 02 
[- rry 	 
	
2 (1 — 7) 	 /AVi) 475  min 
 Dk,1 
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where AT and AVi are the grid spacing for the time and the variance of asset i = 1 to N 
respectively. Here K and L are the number of points for the time axis and the variance 
axis. The partial derivatives are approximated by 
OD,_ Dk+1,1 - Dk,1  + 0 (k) aT - 	AT 
aDt , 	Dk,1+1 - Dk,1-1 + 0 (10) OVi 2AVi 
a2Dv 	Dk,1+1 - 2Dk,l+ Dk,1-1 = 	 + 0 (h2 ) ovi2 (Avi )2 
On discretisation, Equation (4.62) becomes 
7  —OilAVi + 	 
(1  — 7) iL"'-.=1 (V
— r) 
min + /Alli)1 	2.AVi 
N i  
v-, kai 	Viiyi (/AVi) (D0+1 - Dk,1-1) 
i N 
+_..- Ey? (1AVi)2 (DIC,1+1 2DIC,1 ± Dkl 
2 i=i 2 	
(Avi)2 
N [v 	(IATL\ (Dk,1 -1-1-Dk,1-1)] 2  v.)/ 	2AVj 
2 (1 — Li 	 Do i=1 
(4A.1) 
This equation gives the algorithm for the evolution of Dv with respect to time. We solve 
this equation subject to the boundary conditions in (4.63) and (4.64). To overcome the 
difficulty of Vi tends to infinity, we define Vmax  to be a large positive number, and from 
(4.64), on 14 = Vmax we have the condition 
Dk,L = Dk,L-2 
4.A.2 Analytic approximation 
In this section, we solve Equation (4.62) by providing an analytic approximation for 
Dv (t, V) about Dmax (t) = Dv (t, Vmax). We look for an expansion around Vmax by 
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assuming that V >> 1 and Di , can be written as 
N 
D, (t, V) = Dmax (t) E D,i (t) VZ  i=1 
=7_ 
Substituting into Equation (4.62) and expanding the terms D,1-7 and AT' gives 
—1 N 
0 	= 	(1 - -y) D max  — 1 	 (t) Vi i=i 
+ [aDmax
N 	(t) 1 
at L-3 at i=1 
N 
+ 	
r)2 ± 	E 	r)21 21 — Vi ( 	-y) i=1  [Dmax + E.Ehi (t) Vi  J 
i=1 	 j=1 	v.? 
N 1 
+Ey? (vi — vimin)2 [DE (t) Via i=i 
N (N 
(1   7) Ei=1 j119 i,jYj (V +2 	 j 	Vjmin) [ Dli (t) 
) 2 
[Dm1  ax 
 
Ek=1D-Dkm2lax(t) v1k  
 
(4A.2) 
We equate terms of order 3. and solve each order separately as follows. 
The 0 (1) Equation 
To leading order 0 (1), we find that 
aDmax  = 	(1 — 7) Dmax  
	
at 	 — WmaxDmax (4A.3) 
subject to Dmax (T) = el-7. The solution to this equation is 
1 — Dv  (t,V max ) — S limax I 1 + (1W—max7E 1) exp Tmalx (t; T))] 
11-7 
(4A.4) 
+E [(mi — OiVi) 
N 
E (c r) l9ijyi (Vi — Vimin )1 [ 
(1 — 	 vi2 —Dii (t) 
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where 1max = — 7r. 
The 0 (*) Equation 
The terms which are proportional to vi  can be written as 
 
  
ai (t) 	[T.+ -,Dmr-a1-   Dii (t) = 2((1 _ r)2  Dmax  (4A.5) 
  
subject to Dli (T) = 0 for i = 1 to N. We must satisfy these N equations separately 
and on solving these ODEs we find 
Di i (t) = 
	
7 (ai - r)2 (1 - -y 1-7 [. ( Wmax 	.. ) 	Climax 	(t — T)]  —7  
2 (1  - 7) 	Tmax ) 	
1 + 1  — ,), C i exp 
1 - 7 / J 
x { 
(gym ax 	i. 
7) [exp (T. (t -y   
T) 
 ) 
1] 
+ ( m—E 1 (t — T) exp ( 	- - 7 	
Tmax1  (t 7  T))} —  lif ax (4A.6) 
for i = 1, . . . , N. 
4.A.3 Comparison 
Here, we investigate the accuracy of the approximation method by comparing the results 
with the explicit finite difference method. A portfolio with one risk-free asset and one 
risky asset is considered, where the following parameters are used: -y = 0.2, cti = 0.08, 
r = 0.04, 19n = -0.7, E = 0.01, 	= 0.3, yi = 0.3, M1 = 0.1, 01 = 20, T = 3 and 
Vma„ = 1.5. For the finite difference method, we used K = 187975 and L = 60. 
Figure 4.4 illustrates the results of D, (t, V) which are obtained by the finite differ-
ence method and the relative error from the approximation method as compared with 
the finite difference method. The results suggest that the approximation method is fairly 
accurate as the maximum relative error is less than 5 percent. 
The accuracy of the finite difference method can be increased by making the grid 
size smaller. However, this method is not computational efficient especially in larger 
dimension. Thus we have devised an approximation method which is suitable for N 
dimensions. 
1.5 
0.5 
V 
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Finite Difference 	 Relative Error 
Figure 4.4: Plot of Dv (t, V) as solved by the finite difference method (left) and the 
percentage of relative error from the approximation method as compared with the finite 
difference method (right). 
Chapter 5 
Option pricing with transaction 
costs 
5.1 Introduction 
In this chapter, we look at the application of the portfolio optimisation via utility max-
imisation by applying the idea in option pricing. We perform a similar perturbation 
analysis on a utility maximizing model, which is a generalization of the Davis et al. 
(1993) model. However, we extend the existing results of Atkinson and Alexandropou-
los (2006) in two directions. We first consider the optimal hedging strategies and the 
option prices on N uncorrelated underlying assets to 0 (c). Secondly, we allow the 
correlation between the price processes of N underlying assets and provide a method 
in which to achieve the optimal hedging strategies and the option prices of the basket 
option. 
5.2 Market model with transaction costs 
We consider a market consisting of two investment opportunities: a risk-free asset, and 
risky assets. The risk-free asset is generally known as a bank account, paying a fixed 
132 
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interest rate r, whose evolution can be expressed as 
dS0 (t) = rSo (t) dt 	 (5.1) 
We assume that the price processes, Si, of N risky assets are modelled by correlated 
geometric Brownian motions according to 
dS (t) = aiSi (t) dt o-iSi (t) dC (t) 	 (5.2) 
for i = 1, . . . , N, where ai and o-i are constants called the instantaneous expected 
rate of return and the volatility, respectively, of the ith risky asset. The processes 
{Ci (t), t > 0}, for all i = 1, 	, N are Wiener processes on a filtered probability space 
(12, 	P), where .F {,T (t)}13<t<7 , is a right continuous filtration and pig is the instan- 
taneous correlation between dCi and d(i . We denote by o-ij pijaio- the (i, j) entry in 
the N x N variance-covariance matrix 
Cfn 0.12 • • • Cr 1N 
E _ 0-21 '22 
UN1 ' • orN N _ 
which is symmetric and positive definite, a = [al , a2 , 	, ai\ ]T is an N-vector. 
A trading strategy, 7r, consists of the non-decreasing processes 
Li (t) = jot li ds 	and 	Mi (t) = fot mi ds 
which are right continuous and represent the cumulative purchase and sale of stock 
i = 1, . . . , N, respectively. Note that li and mi are bounded by ic < oo. Here t E [0,7], 
where T represents the time at expiry of an European option. Let Ai and pi be the 
transaction costs incurred from buying and selling stock i respectively, ie, whenever we 
buy stock i we pay Ai E [0, 1) fraction to the transaction fee and similarly, we lose 
E [0, 1) fraction in the opposite transfers. 
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Following Davis et al. (1993) and Atkinson and Alexandropoulos (2006), we let So 
and yi, respectively, be the processes of the amount held in cash and the number of 
shares of stock i owned, i = 1, . . . , N. The corresponding portfolio So and yi evolves 
according to 
dS0 (t) = rSo (t) dt + 
	
[— (1 + Ai) SidLi (t) + (1 — p,i ) SidMi (t)] 	(5.3) 
i=1 
dyi (t) = dLi (t) — dMi (t) 	 (5.4) 
The evolution of (5.2), (5.3) and (5.4) imply that the trading strategies are self-financing. 
The option price via utility maximization approach of Hodges and Neuberger (1989) 
is achieved by assuming that the writer is indifferent between doing nothing and ac-
cepting the initial endowment of Xw and writing the option X wo = X71, — C. Thus the 
writer's price, C, of the contingent claim is 
C = Xw  — Xwo 	 (5.5) 
We use the sub or superscript wo, where appropriate, to indicate quantities 'without' 
the option liability, and shall use the sub or superscript w for quantities 'with' the option 
liability. 
A trading strategy (So (t) , yi (t) , y2 (t) , 	, yN (t)) E gN+1, for 0 < t < T is said to 
be admissible if it is self-financing and X (t) > 0 for all t E [0, T]. We denote by A the 
set of admissible strategies. Here So (t) denotes the amount held in cash and yi (t) the 
number of shares of stock i held, for i = 1, . . . , N, over [0, T]. 
First consider the portfolio exclusive of option liability, which consists of a risk-
free asset and N risky assets. We let U (X) be the writer's utility function, a concave 
nondecreasing function and assume that U is a twice differentiable function with U (0) = 
0. The objective of an investor is to maximise his expected utility of wealth at terminal 
time T. The value function of the investor at time t is defined as 
Jwo (t, So (t) , y (t) , S (t)) = sup Z [U 	(T))] 
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We denote y (t) = [yl (t) , y2 (t) 7. • • 7 yN (t)1T and S (t) = [S1 (t) , S2 (t) • • • S N (t)1T as 
column vectors of N elements representing the number of shares held and the value of 
the underlying assets, respectively, at time t. Here Et denotes the expectation operator 
conditional on the information at time t and A is the set of all admissible control 
strategies. The terminal wealth is defined by the sum of the wealth in the risk-free asset 
and the wealth in risky assets reduced by transaction costs 
X.° (T) = So (T) E c(yi (T) , S  (T)) 
i=i 
The liquidated cash value of a portfolio containing yi (t) shares of the stock is 
(1 + At) yi (t) 	(t) for yt (t) < 0 c (yi (t) , 	(t)) = 	 (5.6) 
(1 — 	yi (t) Si (t) for yi (t) > 0 
for all i = 1, , N. We define the minimum initial wealth which gives a non-negative 
maximum expected utility of terminal wealth for the portfolio as 
X„, = inf [So (0) : Jwo (0, So (0) Y (0) ,S (0)) 0] 
In the second problem, we consider a portfolio similar to the previous one but in-
cluding a European call option on the maximum of N risky assets with maturity T and 
strike price K. The payoff function is of the form 
C (T,S) = max (max (Si, . , SN) — K,0) 
for the buyer and 
C (T , S) = — max (max (Si , , SN) — K, 0) 
for the writer.1 The terminal wealth of the writer for the portfolio including option 
1Stulz (1982) derived the option prices on the maximum of two assets where Johnson (1987) extended 
to N assets. They assumed that the market is frictionless, ie, no transaction costs. 
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liability is 
X, (T) = 
	So (T) + 	c(Yi (T) , (T)) 
	
for Si < K 
So (T) + Ei=1  c(yi (T) — 5 j, (T)) + K for Sj > K 
where (Ski denotes the Kronecker delta2 and Si represents the maximum of all the assets 
Si for i = 1 to N. We assume that the option is settled in cash, where the transaction 
fees have been deducted. Given that the minimum initial wealth which delivers a non-
negative maximum expected utility of terminal wealth with the option liability is 
	
X„ = inf [So (0) : 	, So (0) ,Y (0) ,S (0)) ?. 
we can write the value function of the investor at time t as 
Jw (t, S0 (t) ,y (t) , S (t)) = sup lEt [U (Xw (T))M 
rw EA 
As the two problems for Jtvoand Ju, are identical except for the final condition, 
we omit the sub or superscripts for the general analysis and only indicate them when 
necessary. The difference between the two problems occurs when we apply the final 
condition to the PDE. 
5.2.1 Dynamic programming equations 
In the previous section we have defined the problem as a stochastic control problem, 
for which we can apply dynamic programming and Ito's lemma to transform it into the 
HJB equation. Thus the optimal expected utility of terminal wealth as proposed by 
= 	1 	
for i = j 
0  for i j 
0 = 
max {E  y, i=i 0 
(1 + Ai)Si-49J  0S0 li - E [ 	- — 	777i ayi aso 
OJ „ OJ 
i=1 
aJ 
N 	82 ati si 	 + 	E 0-235A asiasi  asi  
	
i=1 j=1 	
j 
z  
OJ 	DJ 
+ 	+ TS0-6-7-50 + E 
i=i 
DJ 1 N  (5.7) 
Chapter 5. Option pricing with transaction costs 	 137 
Davis et al. (1993) and Atkinson and Alexandropoulos (2006), can be written as 
for (t, So, Y, S) E [0,71 x 	RN x11;e1/_. The value function J (t, So, y, S) has derivatives 
up to second-order and is a concave, increasing function in yi and So for i = 1, ... N. 
Note that /,, and m, denote the trading strategies, which are positive and uniformly 
bounded by lc < oo, that belong to the set of all admissible strategies, A. The optimal 
trading strategies are achieved as follows: 
ay _ (1 ± Ai) Si gsO 
0 if ay 	+ 1 - ( 	° < ° 
and 
{
n if t — (1 — iti) Si*, 0 
0 if ay _(,_ii,i ) sitk >0 
The free boundary problem can be restated as the evaluation of the value function 
J (t, Soy, S) subject to 
max { AJ, max LiJ, max MiJI = 0 	 (5.8) 1<i<N 	1<i<N 
where 
N N 	 2 OJ 1 E  • - S-S- AJ = —at + rSo 7,77- ± 	 2_, cob i=1 J=i u" z asiasi 
together with: 
L2 J = aJ  ( 1+ Ai) Si  OS0 0y, 
c, a,/ 	aJ 
(1  — 	L'i-S0 	aYi 
(5.10) 
(5.11) 
li = 
mi = 
(5.9) 
1211 52 	NTi S2 
1:11 NT2 
Bt B2 
St S2 
Si NT2 
rebalancing point 
when there is 
— — — no transaction costs 
NTi B2 
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Y2 
0 	 Yt 
Figure 5.1: General shape of the transaction boundaries and the various trading regions 
subject to proportional transaction costs for the case of two correlated risky assets. Here 
Bi, Si and NT; are the action for buy, sell and NT of asset i = 1, 2, respectively. 
The transaction boundaries are determined implicitly by imposing the value match-
ing condition on the value function as described by Monoyios (2004), ie, LiJ = 0 holding 
on the buy boundary of asset i and MiJ = 0 holding on the sell boundary of asset i.3  
The state space is divided into 3N distinct regions, with N > 1. The regions can be 
described by Equation (5.9), (5.10) and (5.11) for the NT, buy and sell regions for asset 
i = 1, . . . , N respectively. 
In the NT region we allow the diffusion of the stock price to freely move within the 
boundaries. However, if the stock price drifts out of this region and enters the buy (sell) 
region, an immediate transaction occurs to ensure that the state variables lie within the 
NT region (see Figure 5.1). 
5.2.2 Exponential utility 
We restrict our attention to a negative exponential utility function as proposed by Davis 
et al. (1993). The utility function takes the form 
U (X) = 1 — exp (--yX) 	 (5.12) 
3For the details of the value matching condition see Dixit (1991) and Dumas (1991). 
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where the absolute risk-aversion coefficient is utli,r = 7, which is independent of the 
investor's wealth. The advantage in using exponential utility is that the amount invested 
in the risky asset is independent of total wealth and thus the dependence of risk-free 
assets, So, can be eliminated. Thus the dimension of the problem is reduced by one. We 
can write the value function as follows 
J (t, So, y, S) = 1— exp [ 	(T,t)  (So + W (t, y, S))1 
	
(5.13) 
where (b (T, t) is the discount factor, defined by 0 (T, t) = exp (—r (T — t)) and W repre-
sents the expected value at time t of the utility-maximised wealth held in the risky assets 
at time T. From (5.13), Equation (5.8) , (5.9) , (5.10) and (5.11) are now transformed 
into the following PDE for W (t, y, S): 
max { AW, max LiW, max MiW = 0 	 (5.14) 
1<i<N 	1<i<N 	JJJ 
where 
N 
AW = OW 	 OW — rW + E azSi at as i=1 
N N ,92w 
+ 2 E Ea-51 S. "' 	 [asiasi  i=1 j=1 (as) Caw  (5.15) 
aw LiW = — (1 + 	+ 	 (5.16) ayi  
a itf iw = 	- 	
ayi
w - 	 (5.17) 
From these equations and the final conditions at T, we have to determine the location 
of the boundaries as well as solving for the value function. The final conditions are given 
by the wealth invested in the risky asset, including any positions held for the hedging 
of options. For the portfolio without the option liability this is simply 
N 
W„,„ (T, Ywo,  S) = E c(y,„i (T) , Si (T)) 
i=i 
(5.18) 
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and for the portfolio including the option liability 
W„, (T, yw , S) = 	
EiN=i c(y„i (T) , Si (T)) 	for Si < K 
EiN=1  c(y,„ (T) 	(T)) + K for S; > K 
(5.19) 
where yw,„ and ywi , respectively, denote the number of shares invested in the risky asset 
i for the portfolio exclusive and inclusive of option liability. 
Using the negative exponential utility function, the option price in (5.5) can be 
expressed by the difference between the wealth in the risky assets net of all transaction 
costs, of the two portfolios as follows 
C (t, S) = Ww0 (t, 0, S) — 	(t, 0, S) 
	
(5.20) 
Similarly, the option hedging strategy, yhi , is given by 
yht (t, S) = yw, (t, S) — ywo, (t, S) 
	
(5.21) 
which is the difference between the number of shares held in risky asset i, for i = 
1, . . . , N, in each of the two portfolios with and without the option liability respectively. 
5.3 Perturbation analysis 
In this section we apply perturbation techniques on the transaction cost parameters by 
assuming that the transaction costs are small and that they can be written as .A = eA 
and µ = 4/, where and1..t are of order 0 (1) while c << 1. We write the risky assets 
held in the portfolio as 
yi = eir (t, S) 	Yi 
	for i = 1,..., N 	 (5.22) 
where ylr (t, S) represents the number of risky asset i held in the portfolio in the absence 
of transaction costs and Yi denotes the difference when transaction costs are consid-
ered. The magnitude of the perturbations for the independent variables is 0 (60. 
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The choice of this asymptotic scaling has been found by many researchers Whalley and 
Wilmott (1997), Rogers (2004), Atkinson and Mokkhavesa (2004) and Atkinson and 
Alexandropoulos (2006). 
The portfolio's wealth in the NT region can be rewritten as 
N 
W (t, y, S) = 	YiSi + V (t, Y, S) 	 (5.23) 
i=1 
where we assume V has an expansion of the form 
V (t, Y, S) = Vo (t, S) 	V]. (t, S) el V2 (t, 	EV3 (t, 
44 V4 (t, 	+ 6.1175 (t, Y , S) + 0 (6.2) 	 (5.24) 
The reason for the assumption that Vo, V1, V2 and V3 are independent of Y will be 
clear when we apply the expansion on the transaction boundaries. Note that Vo is the 
leading portfolio wealth excluding the amount of wealth allocated in the risky assets. 
Furthermore, in the case of a portfolio including option liability, the option value will 
be embedded in Vo. The functions VP , p > 1 are the higher order wealth components, 
which arise from the transaction costs. 
From this change of coordinate, the derivatives can be written as 
	
( a 	 1 (a = — 
49Yi/ t,yi,S 	
( „) 
t,Yi,S
+6_3 1 
	t Yi S 
N * a  (a 
at) C ts at),s = 	— 6 3 E P-1 
ayp	
P) t,S 
(a 	 N yp 1 E 
asi 	t,y,Sj = 	psi t Y' Si 
- 6- 	asi ayP  ) t,S p=1 
where the subscript denotes the variables which are to be kept fixed. Equation (5.15) 
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and the two boundaries can be expressed in term of the new coordinate as 
= ay -1  f'r av ay; 
at - 
6 
	 it-aYi at - r 
 (E YiSi + V) 
i=i 
+E aiSi yi — E-i E av ay.; + av 
i=1 ay; asi asi 
N N 
x•--N 
+2  2_, 2_,0-ijoioi  i=1 j=1  
( 2 N N a2v  ay; ay,,,  
6-N  EE OY ay as- as• 6-3 E p=1 q=1 	P q 	3 	p=1  )
1 N av a2 4, 	a2v  
ayPz as.as 3• asiasi 
N N 
-2  - 
•-y 2_, 
0 i=1 j=1 
1 E3 
4  [ (Ea..- q .94i) (E gi)1 q=1 	 P=1  
N Ay a y* 	N av a y* 
 
1 N _x-, av 04 ( 	ay \ 
6 	,2-,=1 .7,T5c  ' aSi ) + 
+[(
av  
v3 ± a7)( vi + Hal/  2 )]} 
N av ay;( 	ay 
W
P 
 (5- 	asi ) 
p  
 
with 
 
(5.25) 
1,„147  = _Ejtisi+ clay 
ayi 
MiW = _,-i-ti si _ c iav 
ay, 
(5.26) 
(5.27) 
By expanding the boundary conditions and equating the terms of the same powers 
of el, we find that the Vo, V1, V2 and V3 are independent of Y. The free transaction 
boundaries, given by LiW = 0 and AW = 0, to order e are 
-AiSi + av4 = 0 
aY 
av4 + 	= 0 aY 
respectively. Equation (5.25) can be expanded in a similar fashion using (5.22), (5.23), 
(5.24) and collecting the terms of the same powers of E3. We solve each order sepa-
rately with the boundary conditions by applying the value matching and smooth pasting 
conditions. 
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The 0 (6-2s) equation and the 0 (e— 3) equation are simply differential equations 
for Vo and V1  respectively with independent variable Y. From the boundary conditions 
we find that Vo, VI , V2 and V3 are independent of Y. Thus the differential equations 
are satisfied automatically to 0 (e—li). 
It is clear from (5.20) that to find the option value, we need to liquidate the portfolio, 
converting all the assets into cash, ie, yi = 0 for i = 1, . . . , N. When yi is zero, this 
implies that the portfolio position is in the buy region of asset i. Thus the value function 
in this region, which satisfies the buy condition in (5.16), must be of the form 
N 
N  W (t, y, S) = E (1 + Ai) Siyi + VB (t, S; e) i=1 
(5.28) 
From the continuity condition this must be the same as the value function inside the 
NT region as defined in (5.23), we find that the complementary function 
VB (t, S; 6) = V0 (t, S) 	(t,S) ci V2 (t, S) 
+e [V.3 (t, S) — 	AiSiyd + 0 (El) 
i=i 
Thus when yi = 0, Equation (5.28) becomes W (t, 0, S) = VB (t, S; e). 
Finally, the option price inclusive of transaction costs in (5.20) is 
(5.29) 
C (t, S) = [Vow° (t, S) — Vow (t, S)] 
± Ei [Viw° (t, S) — Viw (t, S)] 
[V2w° (t, S) — V2w (t, S)] 
+e
N 
[ -V3 ° (t, S) — 1/3 (t, S) E 	(t, S) 
i=1 
(5.30) 
The remaining step is to determine the value function Vo, V1 , V2 and V3 for the two 
portfolios, with and without option liability respectively. 
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5.4 Option pricing written on uncorrelated underlying as-
sets 
In this section, we consider the special case where the price processes of the underlying 
assets are independent, ie, E [c/Cidcil = Siidt. The PDEs are simplified and we can give 
the results up to 0 (e). 
5.4.1 The 0 (1) and 0 (si) equations 
The leading order, 0 (1), of Equation (5.25) becomes 
avo 	 N z 0 avo 	2s2 a2vo r o = 	+ + i as vo at i=1 	 i=1 
N 	 N 
E (cei _ r) 	
e 	z-i 	-T- 
_ 	•v-, 0.?.0 aVo 
asi i=1 	 i=1 )2 
(5.31) 
We will investigate this equation in more details after we determine the optimal trading 
strategy in the next order. 
Collecting the terms of order 0 (64), the PDE is found to be 
	
= av -Ar-, 	11 	.92  0 	
ati
171  + 2 aisz --0-,---si + cri2  Si2  asi? 	r v, i 
i=1 	 i=1 
-2 E
N 
o ls? {-5—aysli (4- + - siav°)] 
0 i=1 
N 	 N 2 x-, ,..? 0  ( ,., _L avo) +E (ai — r)SiYi — 	 Yi 	(5.32) 
0 i=1 
. t ,.-,t 	Yi -T- OSi i=i 
This equation contains terms proportion to Yi and terms that are independent of Y 
for i = 1, . . . , N. Thus we require that the terms containing Yi and the terms that are 
independent of .11: be zero separately. From the former, we have 
E 	avo E (ai — r) SiYi — 	cr •  2 S.2 ( y.*  + asi —) = 0 i=i 	 i=i 
(5.33) 
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which gives the optimal trading strategy in the absence of transaction costs as 
* 	cb (ai — r) OV0 
	
= -y nisiaSi 	 (5.34) 
for i = 1 , . . . , N. Hence if we substitute yZ into (5.31) we can rewrite the leading order 
equation as 
N 	r )2 S (vo) (5.35) 
i=1 
where .CBs 0 denotes the linear differential operator of the Black-Scholes equation for 
several assets portfolio and takes the form 
N 	N 
.CBS =+ 	sz 	\--• (7,25? 	_ r at J=1 J=1 asi 2 	OS? 
(5.36) 
The general solution to the inhomogeneous equation in (5.35) is any solution satis-
fying Black-Scholes equation plus a particular solution, voP, of the form 
(aim 
 02 
i=1 
Kr' = (T - L 2ry 	 i2 
Recall that 0 is the discount factor 0 (T, t) = exp (—r (T — t)) . 
In order to find the option price to this leading order, we apply the perturbation 
analysis to the terminal conditions on portfolios without and with the option liability 
in (5.18) and (5.19), respectively. The terminal condition in the portfolio without the 
option liability implies that Vow° (T, S) = 0. Whereas in the portfolio with the option 
liability, Vow  (T, S) = — max (max 	, SN) — K, 0). Note that this is the payoff 
function which we have defined earlier. From (5.30), the option price to this leading 
order is simply 
170 (t, S) = Vow° (t, S) — Vow (t, S) = Vmax (t, S) 	 (5.37) 
Here Vmax (t, S) denotes the option price written on N underlying assets in the absence 
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of transaction costs, where the payoff function is 
Vmax (T, S) = max(max (Si, S2, . SN) — K, 0) 
The optimal hedging strategy, can be found in much the same way, which is the 
difference in the number of underlying assets held in the portfolio with and without the 
option liability as defined in (5.21) and is given by 
( (t, S) = 	(t, S) — yti,o 	ay. (t, S) = 	osit, S) (5.38) 
for i = 1, , N. This optimal hedging strategy turns out to be the delta value for the 
basket option. 
With the optimal trading strategy defined in (5.34), the 0 (s 3) term in (5.32) is 
reduced to 
CBS 	= 0 
	
(5.39) 
Thus V1 satisfies the Black-Scholes equation exactly. The terminal conditions for portfo-
lio without and with option liability are Viw° (T, S) = 0 and 171." (T, S) = 0, respectively. 
These conditions are found by expanding the terminal conditions in successive powers 
of El. Hence, the option value, VI , is identically zero to this order. Thus we have to 
investigate the higher order equations to detect the effect of the transaction costs. 
5.4.2 The 0 (ei) equation 
The 0 (53) terms in (5.25) can be written as 
N N 2 E E Gu ayay + E HiiY2 + BS (V2) = 0 
T=1 3=1 	3 	i=1 
(5.40) 
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where the coefficient 	and H22 are, respectively, denoted by 
N 2 02 ( 	(ay.; 
1 = 2 2-, aPk'P 	OSp ) - P- 
= 	o- S? 
(5.41) 
(5.42) 
Recall that the ,CBS (V2) operator is defined in (5.36). The free boundary conditions for 
ith asset are 
buy boundary: 
sell boundary: 
1 ‘17 A • = 	S• ay, z 
Lv4 — - 0. 
aYti  
on 11: = 
on yi = Yi+  
(5.43) 
for all i = 1, . , N. This is an elliptic PDE since the matrix G E RNXN,  whose (i, j) 
entry in the matrix is Gib , is positive definite as shown in Appendix 5.A. 
We apply the following change of variable I = V4 — 	(Xi — 	Sill] to make 
the buy condition and the sell condition symmetric around the origin. Note that this 
transformation has no effect on the governing equation (5.40), which can be expressed 
as N N N 
EEGt.) ara2 a' 	H22Yi2 LB'S (V2) =0 
i=1 j=1 	3 	i=1 
The boundary conditions for the asset i become symmetric and are denoted by 
(5.44) 
Buy boundary: 
	ai 	= +Ei 
Sell boundary: 	
aYi 11;:=Yi+ =- 
	 (5.45) 
where Ei = (54+272i)Si, for all i = 1, , N. This free boundary problem has been 
solved in Atkinson and Alexandropoulos (2006). We show below that the free boundary 
problem can be easily solved by using the Legendre transformation. 
Legendre transformation 
The main advantage of the Legendre transformation is that it allows us to fix the bound-
aries when we apply to our free boundary problem. However, this comes at a fairly high 
price in terms of technical complexity. Under this transformation the PDE in Equation 
= 
aui 
aP (ui,u2, • • • ,uN)  
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(5.44) becomes highly non-linear. 
The Legendre transformation of a function of N variables is obtained by introducing 
the new N variables 
= ai (Yi, Y2, 	YN) 	 (5.46) 
for all i = 1, 2, ... , N. The significance of the above transformation is that we have effec- 
tively mapped the function I (Yi, Y2 , 	YN ) to a new function, denoted I* (ui, u2, • • • ,uN)• 
We have now fixed the free boundaries of the problem as given in the Equation (5.45) . 
Those boundaries become constants of the form 
Buy boundary: 	DI i 	E Ui_ = +Ei Yi- ay
Sell boundary: 	Yt l yi+ a- ui+ = (5.47) 
This is exactly our rationale behind the use of the Legendre transformation, which helps 
us to overcome the obstacle of the free boundaries. The original variables, Y, can be 
found under the inversion of the Legendre transformation, described by N equations of 
the form 
(5.48) 
which are similar to the forward transformation. 
To give a full account on this transformation, we have to define the transformation 
formulas for the second derivatives. We first define the N x N matrix 
I= 
8,1  
021  
75-371  
821  
81,1,91,2 
821  
aYiaYN 
821  
aY2aYi 
a2/  
aY 
aYN-laYN 
a2/  
aYNaYi 8YNaYN-1 WIT 
321 • _ 
OYiaYj (5.49) 
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and 
021* 82/.. 821*  
aulau2 aulauN  
I* = 
821. 821* 
821* 
au2aui 
0.,_lauN 
021* 82p 021* 
OUN 0111 auNauN_]. 
which are the second-order derivative of I with respect to Y and /* with respect to ui 
respectively. Note that I and I* are both real and symmetric, ie, they are also Hermitian 
matrices. 
The transformation for the second-order partial derivatives is 
for all i, j = 1, 2, ... , N, where I denotes the cofactors corresponding to the arbitrary 
elements au '9 au 21* 	 of the matrix I*. The Jacobian of the transform, J, is the determinant ; 
of the matrix I*, denoted as 
J = det (I*) 
The inverse Legendre transformation for the second-order partial derivatives for all i, j = 
1, 2, ... , N, can be expressed as 
02i* 
aujauj — J-1  (5.50) 
where Li denotes the cofactors corresponding to the arbitrary elements aya2erysi of the 
matrix I. The Jacobian of the inverse transform can be defined as 
= det (I) 
Note that JJ-1. = 1.4 
4For more details and examples of the Legendre transformation, see Courant and Hilbert (1962), pp. 
32-39. 
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The Legendre transformation for the zero correlation in N dimensions 
Applying the Legendre transformation to the differential equation (5.44), we get 
N N 	N ( 09 2 
E E E 	± es ( 72) aui i=1 j=1 	i=1 
(5.51) 
We assume that the solution of (5.51) can be written in a separable form, as a sum of 
the following type: 
(u) = 1ui (ui) 
where the function U (ui) for i = 1, 	, N, is an arbitrary function, depending only on 
one variable ui. A solution of this form makes the matrix corresponding to the Inverse 
Legendre transformation a diagonal matrix and the governing equation becomes 
N E Gii l _ 	
" 	
,CBS ( ,2) =__ 0 
which can be rearranged in the form 
(5.52) 
u2;
N  
Hig2 	(L2:L3 H..3.7"3 711.
2) LBS (V2) 
j=1, 	3 
30i 
Note that the left hand side only depends on ui and is independent of ui for j = 
1, 	, j i, 	, N, thus, it must equal some constant, vi: 
Gii + i 	vi 
141  
(5.53) 
According to the smooth pasting and value matching conditions, the second-order deriv-
ative must be zero on the ith boundary5. Therefore, we require that 14,,' tends to infinity 
on that boundary, which gives U' = ± (H) . Note that the signs are Iiii < 0 and vi V 
< 0. Using the fact that U," = ciLll-t: , we can solve (5.53), which can be rearranged and 
5More details of these conditions can be found in Dixit (1991) and Dumas (1991). 
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integrated to get ui (Gii, 	vi) as follows 
(vil4 — 
(5.54) Ui = 
Gii 
By applying the boundary conditions (5.47) on (5.54), we obtain 
2 /3 3 
= (5.55) 
and the transaction boundaries for the asset i in the transformed domain is l< (ui±) = 
± ( 23 71 7d) 3 . Applying the inverse Legendre transformation yields the following trans-
action boundaries: 
buy boundary: 
sell boundary: 
Yz — = 	+ Pi ) Si) 
\ 
Yi+ = + C4 	(jk i +Pi) Si) 3 
(5.56) 
(5.57) 
for i = 1, 	, N. 
The value function V4 (t, Y, S) in the NT region can be found by the following 
procedure. We applied the inverse Legendre transformation to (5.54), which defines 
k, implicitly as a function of Yi. As each boundary ui± is independent of the other 
boundary, we can integrate and sum over all the boundary i to obtain the value func-
tion I (Y), which is the solution to (5.44). Finally, we retrace the step I = V4 — 
[1- EiN (Ai — µi ) SiYi] and the value function is given by 
N Hii 4 E N 9 - --..1 2] 	2 	1  N - 
V4 = E — 12Gii i7 2 	
[
4 	E (Ai - rti ) SiYi i=i 	 i=i i=i 
which is consistent with Atkinson and Alexandropoulos (2006). 
(5.58) 
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The Option Price to 0 (c§) 
The option values are determined by substituting (5.53) into (5.52), which gives a PDE 
tss (V2) = — EiN i  vi and can be written in full as 
OV2 	N 	OV2 	1 N 	2 2a2 v2 rV = 
3 
(5.59) 
(5.60) 
at 	i=i 	2 
where vi is defined in (5.55) and the 
N 
(t, S) 	E 
i=i 
-Fr ESi Sf. -F-ECriSi T-ST 2 
right hand side (Os) is 
IHiiI (5ki +µi)2  [16 
Recall that LBs is a linear operator defined in (5.36). Equation (5.59) must be solved 
subject to the terminal condition V2 ( T, S) for both Vr and V2 . 
We first consider the portfolio without the option, Vr. Since Vow° is independent of 
021, 
the price of the underlying assets, asas; = 0, which implies w- = 8,j ±,y (0%s;)  . Thus 
the PDE in (5.59) for portfolio without the option is 
aV2w° Nr  v si aV2w° 1 
2 i=1 
2 a2v2.. .0  
rV2 
N 2 
at i=1 	as, aS ? 
(cui 	r)2  (-A- i 	Ai )] 3 [3  
2 	ci 	2 
(5.61) 
The inhomogeneous term, (1,w° (t, 5), on RHS is independent of S. The solution to this 
with V2° (T, S) = 0 is 
2 N [3 (ai _ 
try i_1 2 	
cri 	 k u
ti ili)] 3 
172W° (t, S) = — (T — t)  
2 
The reader is reminded that q5 = exp [—r (T — t)]. 
For the problem with the option, Vr, we have 
OV2" 
r 	5 i-,49172w 	2S2°2172w rV2w 	(t,S) at 	 Cr2 	i as? i=1 	(-/° 	i=1 
(5.62) 
(5.63) 
with final data V2 (T, S) = 0 and (1." (t, 5) = E,'„v±.1 [AG?i  I Hii l (Ai + pi )2 s2] 3 . The 
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solution of V2w (see Appendix 5.B) is given by 
T 	co _ w 	 c151. 	dS'N  
	
V2 (t, S) — f • • • I 
	 Sl 	
Tc (t ,S) Q (t, s; t', si) 	... 	dt 	(5.64) 
t 	13 
buy boundary: 
sell boundary: 
oYz
_ 0 
— 
2145. — 0 OYi 
where the fundamental solution is 
g (t, s; t', s') = ex [—r (ti  — t)] 	exp _-17/TE—lv 
(det E)1 [27 (t — t)]1 	2 
(Si = 	ot,
1  0 Lin 	+ — 	(t' — t)] 
for i = 1, . , N. Note that E denotes the covariance matrix. 
5.4.3 The 0 (E) equation 
If we examine the 0 (e) terms in (5.25), we find that 
N N N N 
0 	= 	G• • a2 V5 	V•N 	aV4 	 2 R2 aY1`  a2174  
23 OYJOY. L-d -3-3 as. ayasi i=1 j=1 	 i=1 i=1 j=1 	3 
N 
+LBS (Tr
"' 
\ 11 	_ '? 	' av2 
2-- 	a i=1 si  
where Gij is defined in (5.41), LBs is a linear operator in (5.36) and 
* N 
p avi 	ayt 	N 	 2„,* = — - 	S 	 cr2s2' at P as 	2 	P P as2 p=1 	p p=1 
The boundary conditions for asset i are found by expanding (5.26) and (5.27): 
(5.65) 
(5.66) 
on Yi = Yi_ 	
(5.67) 
o n 	= + 
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This gives the PDE of V5, which requires some conditions on V3 as in the preceding 
order. V4 in (5.58) gives 
av4 
aY 
a2v4 
ayiasi  
I 
_ 	„3 r 9 'Hid 
3Gii 	 (Ai ± iti) 2 Sd 3 Y — 
Pi)  
2 Sz 
aasi 	11 [43 	+ Pi) ] 3 aas. (1 	ii s?)} ji3(Ai ; Pi) 
To satisfy the PDE in (5.66), we assume that V5 must be of the form 
V5 (t, Y, S) E 	+ Y i3Y3 + Vi2Y2 + ilYi + oio] 
i=1 
where the coefficients 0i5 , 1i3, oi,2 , oil and iPio are chosen so that the PDE (5.66) is 
satisfied. Furthermore, we must satisfy the transaction boundary conditions in (5.67) 
for i =1 to N. Since the boundaries are symmetric, ie, Yi+ = 	to satisfy both 
boundaries we require that sp has to be an even function. Therefore, the coefficients 
7,b i2 must be zero. This implies that the terms which are independent of Y become 
es (v3) = E N 	2 Pi) 	+ cr?,ST Aa i=1 
 
(5.68) 
 
which is a PDE of V3. The final condition for this can be found by expanding (5.18) 
and (5.19) to 0 (e), which gives 
N ( cti r)  
'16 (T, S) = — E Pi 	2 
i=1 	(7i 
(5.69) 
for both the V3" (T, S) and V311' (T, S). Note we have used the condition yi > 0, which 
was found in the leading order problem. 
The difficulty of this PDE arises because of the terms on the RHS. However, for the 
special case where the transaction costs for the purchase and the sale are the same, ie, 
Ai = pi. The 0 (e) equation simply reduces to 
B s ( V3 ) = 0 
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The solution to this PDE with the terminal condition in (5.69) is then 
N 	(ai _ r)  
V3 (t, S) = 	E iti 	2 
i=i 	o-i 
The option price (5.30) for the call option with transaction costs is given by 
c (t, s) = vina„ (t, S) ± 61  [V2w° (t ,S) V2w (t S)1 
N 
 E AzSiy;it (t, S) + 0 (e4) 
i=1 
Note the option price in the absence of transaction costs for any payoff function is given 
in Appendix 5.C. The optimal hedging strategy, which is the difference between the 
number of risky assets held in both portfolios, is defined by 
yhz (t, S) = aavmsax + 6  (Ywi± Ytoot±) 
The optimal policy comprises a Black-Scholes hedging ratio for basket option, known as 
the delta hedging, plus a leading order correction that arises from the transaction costs. 
This correction gives the symmetrical band around the hedging ratio in the absence of 
transaction costs. 
5.5 	Option pricing written on correlated underlying assets 
In this section, we consider the option price when the price processes of the underlying 
assets are correlated. We apply perturbation analysis on the correlation parameter. We 
begin by applying the perturbation expansion using the transaction costs parameter as 
in the uncorrelated case. 
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5.5.1 The 0 (1) and 0 (EA) equations 
The leading order of Equation (5.25) becomes 
N 	.. N N 
0 	= 	0170 •-•, - avo 
+ 
	aisis  02-vb 	r vo + 2_, ctii— 	2_, at 	asi 2 . Z--,  i=i 	 t=i j=i 3 	3 °sips.;  
N N N avo . wo) +E (ai - r) Siyt - 7 E E aiisisi (yt + TO (yi + (.5,., 20  i=i 	 i=i i=i. (5.70) 
We will investigate this equation in more detail after we determine the optimal trading 
strategy in the next order. 
Collecting the terms of order 0 (el), the PDE is found to be 
as 	ay, • •s 	2vi- 0 = 	+ + 	 .s. 2.3 I 3 osiosi  at 	rvl i=1 	i=1 j=1 
N N aVi ( 	aVo) aVi „ 
20 - 	 5170 )1 
EE CTijSi S j 7,7-5 yi + aS;i=1 j=1 
+E (ai - r) SiYi 
i=i 
N N _ 7 v• 
20 z-e i=1 j=1 
[y3 	.5,,0170) yi (y3* + Kay°  )] (5.71) 
This equation contains terms proportion to Y and terms that are independent of Y 
for i = 1, , N. Thus we require that the terms containing Y.,. and the terms that are 
independent of Y be zero separately. From the former, we have 
N N 
- Yi 	 av (ai - r) Si 
	
Ea-iisisj  (yi + o 	= 0 	(5.72) 
i=1 	 z=1 j=1 
which must be satisfied for each Yi independently. Note that we have used the symmetry 
property of the variance-covariance matrix E, ie, vij = 	Solving (5.72), we find that 
N 
* avo = --0z p=1 P 
E E;-. P 1 (a - r) - asi  (5.73) 
N N 
LBS (Vo) 	2 	
(ai — r) Ei—j1 (ai — r) 
L—• i=1 j=1 
(5.74) 
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for i = 1 , . . . , N. We denote E71  to be the element (i,p) of the inverse of the 	2,19 variance- 
covariance matrix. Equation (5.73) expresses the optimal trading strategy in the absence 
of transaction costs in terms of the leading order option value, Vo. We substitute yt into 
(5.70) and rewrite the leading order equation as 
where LBs 0 denotes the linear differential operator of the Black-Scholes equation for 
several assets portfolio and takes the form 
rBs = a 
at 
N 
i =1 
a 	 2 
tsvi + 2 2—, 2-• 	aszas3 i=1 j=1 
(5.75) 
The general solution to the inhomogeneous equation in (5.74) is any solution satis-
fying Black-Scholes equation plus a particular solution, V0P, of the form 
N N 
VP = Lb . (T — t) EE (cei — r) 	(cti — r) 0 	2,), 
i=i j=i 
In order to find the option price to this leading order, we apply perturbation analysis 
to both portfolios. The terminal condition (5.18) in the portfolio without the option 
liability implies that Vo" (T, S) = 0. Whereas in the portfolio with the option liability, 
Vow (T, S) = — max (max  (Si,. • • , SN) — K, 0). By (5.20), the option price to this leading 
order is 
Vo (t, S) = Vo" (t, S) — Vo" (t, S) = Vmax (t, S) 
Here Vmax  (t, S) denotes the option price at time t, and the payoff function is 
Vmax (T, S) = max(max 	82, SN) - K, 0) 
The optimal hedging strategy, which is the difference in the number of underlying 
assets held in the portfolio with and without the option liability as defined in (5.21), is 
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given by 
max 
ytzi (t, S) = gv`i (t, S) 	
0V  
ytoi (t, S) = osi 
for i = 1, 	, N. The optimal hedging strategy turns out to be the delta value. 
With this 	the 0 (el) term in (5.71) is reduced to 
LBS (vi) = 0 
Thus VVl satisfies the Black-Scholes equation exactly. The terminal conditions for port-
folio exclusive and inclusive of option liability are V1° (T, S) = 0 and V1 (T, S) = 0 
respectively. These conditions are found by expanding the terminal conditions in suc-
cessive powers of E. Hence, the option value, V1, is identically zero to this order. Thus 
we have to investigate the higher order equations to detect the effect of the transaction 
costs. 
5.5.2 The 0 (El) equation 
The 0 (el) terms in (5.25) can be written as 
N N N N 
	
02v4 EE 	LBs (v2) = 0 
z=i j=i 	3 	i=1 j=1 
where the coefficient aij and Hu are, respectively, denoted by 
N N 
—2 E E „gsps,) (210 ') \aspj \as j p=1 q=1 
H&j = 	Cr
q 
 ' 
20 3 3  
(5.76) 
(5.77) 
(5.78) 
Recall that the LB s (V2) operator is defined in (5.75). The free boundary conditions for 
ith asset are 
buy boundary: 
sell boundary: 
LvA 	A.S.z 	on = Yi_ ari 
aY; = i 2 	on Y = Yi+  
(5.79) 
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for all i = 1, . . . , N. This is an elliptic PDE since the matrix G E RNxN, whose (i, j) 
entry in the matrix is Gii, is positive definite as shown in Appendix 5.A. 
We apply the change of variable I = V4 — [1. EiN-1 	— 	siYi] to make the buy 
condition and the sell condition symmetric. Note that this transformation has no effect 
on the governing equation (5.76), which can be expressed as 
N N 	 N N 021 E E Gi3 oyzay3 + 	IiiiYiYj + LBS (v2) =0 
ti=1 j=1 	 i=1 3=1 
The free boundary conditions for the ith asset are now symmetric and are denoted by 
(5.80) 
buy boundary: 8/ 8Yi 
8/ 
ayi 
 
= +Ei 
(5.81) 
   
sell boundary: 
Yi=Yi+ 
= —Ei 
    
where Ei = (Ai+2 i)S,, for all i 1, 	, N. 
5.5.3 Perturbation on correlation coefficient 
Equation (5.80) is difficult to solve especially with the free boundary conditions in (5.81). 
Thus, we show how the perturbation techniques can be used to obtain an approximate 
solution for large-dimensional problems. 
Let p denotes the largest modulus of the off-diagonal components in the correlation 
matrix. For non-zero but small p, we assume the following expansions 
Hii 	for i = j 
Hij = 
pHij + 0 (p2 ) for i j 
LBs (v2 ) = Ho + pHi + 0 (p2) 
and write the solution in the NT region as 
I (t, Y, S) = Io (t, Y, S) phi (t, Y , S) + 0 (p2 ) 
(5.82) 
(5.83) 
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Substitute these expression into (5.80), then the governing equation becomes 
N N N N 
EECii ( 	
0210 	0211  
ay jayi P 	ay jayi ) 	± PEE ffijIlYj (Ho ± 	= 0 
i=1 j=1 	 i=1 j=1, 
.i0i 
(5.84) 
and the two conditions governing the free transaction boundaries can now be described 
by 
Buy boundary: 
Sell boundary: 
81 I 	ar 	ILL 
aYi ayi P  
ar 	_ 
aYi yi=yi+ 	
, 
P aYi 
(5.85) 
Note that for p = 0, the problem reverts back to the uncorrelated case. We can now 
equate the powers of p and solve each PDE separately to 0 (p). 
5.5.4 The value function to 0 (1) 
Collecting together all the terms of order 0 (1), the governing PDE to this leading order 
is N N 	0210 	 + Ho = 0  
Gi3 ayi 	ari 	H  
i=i j=1 
and the free boundary conditions for the i th asset are 
	
Buy boundary: 	ayi  I 	= +Ei 
Sell boundary: 	aro 	= 
aYi 
(5.86) 
(5.87) 
for all i = 1, . . . ,N . 
This problem has the same PDE and the free boundary conditions as in the un- 
correlated case, so we simply write down the solution of this order. The transaction 
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boundaries and the constant 1/0 can 
Yi 
Y+ 	+ (74 
N 
Ho = E 
for i = 1, 	, N. The value function 
(NT) 
/0 	(Y) 
be given by 
3 Gii Si) 3  
Tii )2 Sd 
E. I 
Si) 3 
21 3 Y. 2 
(5.88) 
(5.89) 
(5.90) 
(5.91) 
— — ( + ) 4 'Hid 
3 Gii -1-11.7]  (Ai + 
16 
n 	
+ 
4NT) is given by 
Hii 	4 	Nx•-• 
- 12Gii 	2 i=1 	 i=1 
[ 
4 Gii 
The first- and second-order derivatives of the value function with respect to Yp can be 
expressed, respectively, as 
a IO = 	Hpp y3 [_9 	E21 3 Y  aYp 3Gpp P 	4 G pp P 	P  
a2lo = 	Hpp 172 [9 I Hppl E2] . 
Oyp2 	Gpp IP 	4 Gpp P  
5.5.5 The value function to 0 (p) 
(5.92) 
(5.93) 
The Hii term, for i # j, which arises from the correlation between assets, can be 
corrected for to 0 (p). Equating powers of p, the governing PDE to this leading order is 
N N N N 2,1  
EEGijaYi0Y- E E 	+ Hi = 0 i=1 j=1 	 3 i=1 j=1, 
(5.94) 
and the buy and sell boundary conditions for asset i become 
buy boundary: 
sell boundary: 
ail  l 	= 0 
are  l 	= 0 
(5.95) 
ay?  
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for all i = 1, 	, N. The boundaries of 0 (p) are found by the following procedure. 
We assume that the new buy boundary, 	and sell boundary, Yi±,of the ith asset are 
translated according to 
buy boundary: 
sell boundary: 
yi_ 	yi(0) pyi(1) (y1(0), y2(0) 	400)i, 	410)) 
yi+ = yi(+0) pyi(±1) (40) y2(0) 	yi(0
02 
yr ) 
(5.96) 
where Yi(T) denotes the transaction boundaries of asset i to 0 (1) and Yg) represents 
the correction which arise from the perturbation on p. Note that Yi(±1) is a function of 
all other Y3(°) for j = 1, . . . , N, ie, the number of underlying assets held in the portfolio 
to 0 (1). We substitute (5.96) into (5.92) and (5.93), and collect all the terms of order 
0 (p), which give the first- and second-order derivatives, respectively, to this order 
Yi=Yi± = 
	Hii y(o)2 ± 19 	I 01 1} y(i) 
Gii t± 	L4 Gii 	1± 
2Hii y(o)y(i) (y(o)) 
Gii 7.± 2± 3 
1'i=1';± 
(5.97) 
(5.98) 
The first-order derivative on the transaction boundaries appears to be zero automat-
ically. We apply the smooth pasting condition so the second-order derivatives satisfy 
(5.98) on the boundaries. This gives the movement along the transaction boundaries of 
asset i as a function of all the jth asset, where j i. 
The advantage of this perturbation technique is that the Equation (5.94) can be 
converted into N (N — 1) /2 two-dimensional problems. As the transaction boundaries 
from 0 (1) are orthogonal and the extra terms in Equation (5.94) contain pairwise 
products Yiyi for i, j = 1, ... N and j > i, we can satisfy the equation and all boundary 
conditions for each of these at a time by solving a two-dimensional problem in each of 
the (Yi, yi) planes separately. Thus, the final solution and total boundary movement 
is formed by combining all of these two-dimensional solutions appropriately and the 
N-dimensional problem has been reduced to N (N — 1) /2 two-dimensional problems. 
Let ./N)  (Yi, yi) represent a sub value function whose independent variables are Yi 
and 	Then the resulting PDE is a two-dimensional problem for each (Y, Y) plane 
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and can be written as 
02/(i,7) 
Gii 	1 	+ 2G. • 	1 	+ G33 	
- 
ayi2 23  ayiayi 	49y- 
= 0  
with the boundary conditions 
ap,i) 
=0 aYi  
arm _ 0 a yi 
ar( i , j
aY  
) _ 
n yi _ - 
on Yi = Yi_ 
on Yi = Yi+ 
on Yi = Yi _ 
on Yj=Yj+  
We solve these two dimensional problems for the value functions ./lij) for all i, j = 
1, . . . , N and j > i with the finite difference (FD) method (see Appendix 5.D). The 
constants HP), for all i, j = 1, . . . , N and j > i, are also determined as part of the 
problem by imposing the condition on the ellipse to pass through all the corner points 
as outlined in Appendix 5.E. It follows that 
N N 
HI = E 
i=1 j=i+1 
Once the problem have been solved, we apply the smooth pasting condition by 
satisfying (5.98) on the boundaries. The total perturbed transaction boundaries of asset 
i can be found by summing all of the two-dimensional solutions appropriately from each 
pairwise product YiYi and they can be expressed as 
buy boundaries: 
 
)
Yi=Yi- 
 
yi(1) (yi(0), 	y Gii 	N n2 T(2:(0) 	y(o)) 	
53) 
"` 	 
• , joi ,  • .. 	N 2HiiYi(ci) 	aYi2 
(5.99) 
ji 
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sell boundaries: 
  
  
Y(1) (y(0) 	y.(0). 	, y(0) \ 	Gii 	
N A2i,3) -r(1  
ji+ 	1 7 	7 3°17 • • • N I 	2HiiY2±(0) j=1,
AS/i`, (5.100) 
 
Note that /N) = 1(j,i) by symmetry. Thus, the buy and sell for the perturbed 
transaction boundaries can be written as (5.99) and (5.100) respectively. 
5.5.6 Transaction boundaries 
The geometric interpretation of the transaction boundaries for a general portfolio with 
N risky assets can be described as follows. The optimal trading strategy of the N assets 
in the absence of transaction costs becomes a point in N-dimensional space, whereas the 
NT region for 0 (1) is a polytope in N dimensional space. When we include the effect 
of the correlation, each of the transaction boundaries will be perturbed according to 
Yi± 
.,.(o) , 
pi 	11 
v.(1) (v(o) 
7 • • • , I (o) l • • • 7 I N 
v(o)) v
jOi  
where 	and Y+ indicate the buy and sell transaction boundary of asset i = 1, . , N 
respectively. The co-ordinates Y3 , for j = 1, . , N and j i of the (N — 1) hypersurface 
on the transaction boundary of assets i must therefore vary according to 
Yi =B~ Yjmax + (1 — 0 i)Yiinin 
where (o) 	(o) Y. — Y 
•3 	 Y(0) — 
(0)) — 	—(0) E [0, 11 
i+ 	3— 
[ (0)  
min = Yi-- + P Yi
(
--
1) 
(1,;(±)) 
17(1) ( x7(0)) Y(1) k 
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and 
[ 	
N 
Yam = 
	
17(0) , 	17(1) (v.(0)) , 	[--N 1, - 1) ( v.(0)\ 
nuc = 1  j+ -r- P i j+ i i± -r- La 13+ V k ) 
k=1, 
k0i,kAj 
Note that the function of Y.3(1) and yi(±1) are, respectively, defined by Equation (5.99) and 
(5.100). For the portfolio with N risky assets, there will be 2N transaction boundaries 
in the N dimensional space that define the NT region. 
5.5.7 The option price to 0 (ei) 
From (5.83), we have the following differential equation 
ate 	
N ov2 1  N N 	a2v2 
+r 	+ E 05i8Si rV2 = Ho (t, S) + pHi (t,S) (5.101) j=1 
subject to the final condition V2 (T, S) = 0 for both portfolios V2" and V2. The RHS 
of (5.101) is a function of t and S. The solution to this PDE is 
V2 = V2(110 ) + PV2 
	 (5.102) 
where V2(Ho) is the solution of the equation with the inhomogeneous term Ho and pV2(H1) 
corresponds to the solution with the inhomogeneous term pH1. 
We can solve for V2(1/0) with the Green's function as described in the uncorrelated 
problem, which can be expressed as 
co 	 dS' V2(Ho)  = ft f 	
f 
— Ho (t',  S') g (t,s ; t1 , S') 	. 	c v  
1 N 
(5.103) 
where the fundamental solution g (t,s ; t1 , S') is defined in (5.65).6 This method is im-
practical for V2(1/1) , as H1 (t, S) is determined by the FD method and cannot be expressed 
in closed form. In the following, we suggest a way to overcome this problem. 
6 The details of the Green's function can be found in Appendix B. 
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5.5.8 Averaging the coefficient 
We introduce another approach by assuming thath. (t, Y , S) is slowly varying with S and 
the procedure for finding the average option value, 17/ (111) , can be found as follows. Since 
V2(.110 can theoretically be found by multiplying the fundamental solution Q (t, S; t', S') 
to Hi. (t', S'), which is determined from solving (5.94), and integrating over time and 
space. We can also multiply the fundamental solution g (t, S; S') to Equation (5.94) 
and integrate over time and space to give 
dSc —dS' f
T
f 	f i g (t' , E (t', Y, S') g (t, s; t', S') 	s ,N 	= 0 N  
where g (t, S; t' ,S') is defined in (5.65) and 
(5.104) 
	
[N N 	a2h (t, Y, S)  N N E (t, Y, S) E.: E E Gi, (t, s)  „jay, + E E A, (t, s) yiyi + H, (t, s) 
i=i J=i i=1,.._.., ioi 
We integrate each term and apply the Mean Value Theorem for integrals on the first 
term, then (5.104) can be rewritten as 
N N 	a211 (t, y, s) 	N N 
E E 	
 
Gij  (9Y017. + E E Hijyy, — 	= 0 i=1 j=1 i=1 j=1, 
(5.105) 
where S E [0, oo) and we denote 
a" (t,S) = 	 aii (t / ,s') g (t,s;ti , s') 
0 	 si 	5 
dt, 
N 
frij  (t, s) 
By definition 
dS' dS' T T 	f00 = 	j ".j Hij (t',  S')  Q  (t, S; , S') Yry 
N  
00 	 dS' —172(Hi) = 	• • • fH1 (t',  S') Q (t, S; 	S') 	1 . . . dt' 
1 ' N  
which gives the last term and 172(1/0 denotes the option value corresponding to the 
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inhomogenous term H1  in (5.102) based on averaging over E (t', Y, Se). Once the values 
of the averaged coefficient, Gib and flij, have been found we can find the option value 
V2(Ht) by solving the PDE in (5.104) subject to (5.95) with the FD method as defined 
in Appendix 5.D. 
In principle we can also apply this method to the term H0 (t, S) in (5.101) and hence 
get an estimate of the accuracy of this approximation. 
* Note ay --L 
	
wo 	_f5 	 v-NN Et-1 (ak r) for the portfolio without option liability, as; i.7-ysi2 LA=1 tic 
ayt, whereas 	= —6w 	 v•Ar N-N1 r) -2v for the portfolio with option as.;-rs.F Z-A=1 	 .`• 0 	assj  lia-
bility. These are the terms which form Gil  in (5.77). Thus the portfolio with option 
liability is more complicated to solve as it depends on the payoff of the option which 
can be quite complex. The option value at this order can be found by solving the PDE 
in (5.101) for V2° and V2 and finding the difference between these values. 
5.6 Numerical results 
In this section, we present the results of the option prices as well as the optimal hedging 
strategies for the European call option on two risky assets. The option payoff is of the 
form max (max (S1, 52) — K, 0). We first consider the effect of transaction costs on the 
option price when underlying assets are independent up to 0 (c) . We also observe the 
performance of our averaging method by comparing the option price, 172, against the 
average option price, V2, obtained from the averaging method. We then investigate how 
several factors, such as risk preference, correlation and volatility can effect the option 
prices and the hedging strategies. 
The multidimensional integrals are evaluated by splitting the Sz E [0, oo) into subin-
tervals [0, K] and (K, oo). We apply a separate change of variable on each of these two 
subintervals to convert it into the unit subinterval [0,1] as follows: 
xi = k, Si E [0, K] —> xi E [0, 1] 
and 
xi = —K S E (K , co) Xi E [OA 
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When determining the value V2i the integral involves the time domain and we use 
= 
(T — t' 
T
, 	 ) 
(T — t) 	t' E [t, 	1 E [0, 1] 
Once the integral is in the form 
l 11 
• • • 	8 	, xN )dxi 	N  dx 
o 
we can approximate this by applying an efficient numerical multiple integration as sug- 
gested by Haselgrove (1961), which can be given by the formula 
    
)1 1  2 e(0,...,0)+2E0 (Q + 	 j=i \ 2 / , 	,2 \ 2 / 
 
Here (.) denotes the fractional part, lying in the range (--i, 	of a real number, Q 
is the number of iterations to improve the accuracy of the method and ni is given in 
Haselgrove (1961). Note that for N dimensional integrals this procedure produces 2N 
separate integrals over [0,1]N. 
When calculating Vo for an option with two underlying assets we have a double 
integral and we use z7i = 0.62055505 and n2 = 0.22610245 with Q = 102400. However, 
there will be triple integral for equations involving V2, where an extra dimension accounts 
for the time domain. We apply 77, = 0.96498949, )2 = 0.81091316 and 773 = 0.46960090 
with Q = 204800. The method has been implemented in valuing the European call 
option on the maximum of two assets by Barrett, Moore and Wilmott (1998). 
5.6.1 Option price on two uncorrelated underlying assets 
Now we investigate the effect of proportional transaction costs on option prices when the 
underlying assets are uncorrelated. We also look at the performance of our averaging 
method by comparing the option values obtained from the normal method with the 
option values from averaging method to 0 (e2/3). The option prices via the normal 
method is determined by Equation (5.64), whereas for the averaging method we apply 
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Figure 5.2: Plot of the option values without transaction costs for the maximum of two 
risky assets. 
Figure 5.3: Plot of the perturbation e2/3V2 for the maximum of two risky assets. 
the Green's function on Equation (5.40), whose procedure can be found in section 5.5.8. 
We used the following model parameters: r = 0.085, al = a2 = 0.1, cri = a2 0.05, 
P12 = 0, 'Y = 1, Al = A2 = 0.002, /21 = 112 = 0.002, K = 20 and T = 3. In Figure 5.2 
we plot the values of the option without transaction costs on (S1, S2) space. Figure 5.3 
and 5.4 show the spread? to 0 (e2/3) and 0 (E) respectively. Figure 5.5 is the sum of 
the two curves. 
Figure 5.6 shows the absolute error from the averaging method against the normal 
method. The values obtained from the averaging method are always larger than the 
7 The spread is the difference between the option price with transaction costs and the price with no 
transaction costs. 
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Figure 5.4: Plot of the perturbation EV3 for the maximum of two risky assets. 
Figure 5.5: Plot of the perturbation e2/3V2 + eV3 for the maximum of two risky assets. 
Figure 5.6: Plot of the error from the averaged method against the normal method at 
0 (e2/3). 
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values from the normal method. Thus the option writer can interpret this as a bound 
on the option prices. 
In this example, we look at the effect of the investor's risk preference on both the 
optimal hedging strategies and option values. The parameters used are r = 0.05, Si = 
82 = 100, al = a2 = 0.1, a-i = o-2 = 0.2, P12 = 0> Al = A2 = 0.002, pi = /22 = 0.002, 
K = 80 and T = 1, where we varied the value of 7. 
0.65 
0.6 
0.55 • 
CNI 
>s 
0.5 
y - 0.3 
0.45 	 
y - 0.5 
— — —y = 1 
0.4 
0 4 	0.45 	0.5 0.55 0.6 	0.65 
Yi 
Figure 5.7: Effect of risk aversion coefficient, 7, on the optimal hedging strategies. 
Figure 5.7 illustrates the optimal hedging strategies and the transaction region. The 
circle at the center is the Black-Scholes delta hedging, which is independent of the risk 
aversion coefficient. Thus, the optimal hedging strategies are the same for all values 
of y. As the investor becomes more risk averse, he would transact more to keep his 
proportion of wealth in the risky assets as close to the optimal hedging ratio as possible. 
However, there is a compensation for transacting more frequently, which reflects in the 
increase in the option values (Figure 5.8). 
5.6.2 Option price on two correlated underlying assets 
In this section, we investigate some effect of the correlation and the following settings 
are applied: r = 0.05, Si = 82 = 100, al = a2 = 0.1, ci = C72 = 0.2, = 1, A1 = A2 =- 
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Figure 5.8: Effect of risk aversion coefficient, y, on the option values. 
0.002, pi = 112 = 0.002, K = 80 and T = 1. 
Figure 5.9 shows the effect of the correlation on the hedging strategies. When the 
correlation between the price processes of the assets increases, the Black-Scholes delta 
values move closer to the origin and the NT region shrinks along the direction vector 
(1, 1). This is because it is more risky to have large proportions of wealth in the risky 
assets, whose characteristics are similar. Thus the investor would prefer to minimise the 
risk by reducing his portfolio proportion from the assets, which are positively correlated. 
When the underlying assets are negatively correlated, their price processes drift in 
the opposite direction. It can be seen that the assets' prices are hedging against each 
other, ie, move in different direction, thus the risk associated with the portfolio becomes 
less and the investor can invest more in the risky assets. 
The option values for the maximum of two assets decrease as the underlying assets 
becomes more correlated as shown in Figure 5.10. This is because the option writer has 
to charge less when the option is more risky. 
In Table 5.1 we provide the option values as well as the spread for a range of strike 
price, volatility of asset 2 and correlation. As we would expect the influence of the 
volatility of asset 2 increases with the option values and with the spread. Also the 
p - -0.5 
	 p = -0.1 
— — — p = 0.1 
• — • — • p = 0.5 
1 
, _ ...._ . 	-N 	 .a— - 
, ... 
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Figure 5.9: Effect of correlation coefficient on the optimal hedging strategies. 
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Figure 5.10: Effect of correlation coefficient on the option values. 
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price and the spread decrease as the correlation between assets increases. As the strike 
price increases, the size of the spread caused by transaction costs increases, reaches a 
maximum, and then decreases. The spread is highest when the asset prices are equal to 
the discounted strike price. 
5.7 Concluding remarks 
In this paper, we have developed a procedure for determining the optimal hedging strat-
egy and evaluating the fair price of the option values for basket options in the presence of 
proportional transaction costs. The method proposed is based on perturbation analysis. 
We have extended the option prices model of Atkinson and Alexandropoulos (2006) in 
two directions. First, we have evaluated the option prices up to and including 0 (e) 
when the underlying assets are uncorrelated. The results clearly show the importance 
of the effect of the transaction costs at this order. We have shown that the optimal 
trading strategies can be solved for by applying the Legendre transformation to turn 
the free boundaries problem into a fix boundaries problem. The results are consistent 
with Atkinson and Alexandropoulos (2006). 
Second, we consider the effect of correlation between the price processes of risky 
assets by assuming that the correlations are small. The FD method have been used to 
solve the elliptic equation to 0 (p). We have provided the optimal hedging strategies as 
well as option values for the option written on the maximum of two underlying assets. 
The method can be extended to N underlying assets by solving N (N — 1) /2 pairwise 
equations (Yi, Yi). 
We have applied perturbation analysis to the option on the maximum of N assets. 
However, the same procedure can be carried out on an option with any form of the 
payoff. 
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Volatility of Asset 2 
K 0.1 0.2 0.3 0.4 0.5 
p = -0.5 
80 35.422 38.888 42.561 46.313 50.077 
(0.996) (1.233) (1.397) (1.522) (1.624) 
90 25.900 29.419 33.168 36.991 40.822 
(0.983) (1.218) (1.382) (1.510) (1.618) 
100 16.601 20.418 24.370 28.348 32.310 
(0.975) (1.199) (1.369) (1.509) (1.628) 
110 8.943 12.863 16.934 21.030 25.110 
(0.897) (1.155) (1.346) (1.500) (1.630) 
120 4.317 7.390 11.237 15.295 19.410 
(0.613) (0.951) (1.189) (1.374) (1.526) 
p = 0 
80 33.686 36.268 39.561 43.150 46.853 
(0.882) (1.080) (1.243) (1.381) (1.500) 
90 24.214 27.051 30.537 34.258 38.062 
(0.876) (1.082) (1.247) (1.388) (1.512) 
100 15.328 18.686 22.433 26.327 30.264 
(0.883) (1.080) (1.246) (1.392) (1.521) 
110 8.418 11.896 15.758 19.760 23.802 
(0.811) (1.039) (1.221) (1.377) (1.513) 
120 4.209 6.979 10.645 14.609 18.678 
(0.578) (0.869) (1.090) (1.268) (1.420) 
p = 0.5 
80 31.576 32.977 35.876 39.351 43.044 
(0.768) (0.940) (1.102) (1.247) (1.377) 
90 22.218 24.171 27.348 30.974 34.764 
(0.779) (0.972) (1.133) (1.279) (1.411) 
100 13.834 16.502 19.970 23.764 27.673 
(0.804) (0.984) (1.141) (1.285) (1.416) 
110 7.682 10.484 14.058 17.951 21.953 
(0.733) (0.938) (1.105) (1.255) (1.390) 
120 3.983 6.196 9.597 13.453 17.478 
(0.530) (0.779) (0.983) (1.151) (1.298) 
Table 5.1: Option prices when there are proportional transaction costs on underlying 
assets. The number inside the bracket is the difference between the option price with 
transaction costs to 0 (e2/3) and the price with no transaction costs. 
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Appendix 5.A Proof that matrix G is positive definite 
The matrix G E RNxN is defined as 
G11 G12 • • 	• G1N 
G = G21 G22 • • G2N (5A.1) 
GN1 GN2 • " CNN 
ay. \ whose (i, j) entry in the matrix is Gii = 2_7pN=1 Liv',5,=1  crpg SpOq (T-75;) 05.4 , which can 
be written in the matrix form as 
G • • = -
1
xrEx• 2 	3 (5A.2) 
where E E RNxN is the variance-covariance matrix. The column vector xi 	Nx 1 is  
defined as 
= {(6 	 aYt 	)] ln a ln S2,  l•  • • 	5111SN 
for i = 1, . . . , N. By writing each element 	in this form (5A.2), we can rewrite the 
matrix in (5A.1) as follows: 
	
T 	T 	 T •‘-‘ ‘....X1 	.4.0(2 • 	4-IXN 
TE TE  X2 	Xi X2 X2 • 	T Ex X2 N G =  
2 
T v X N 	EX2 • • • 4' EXN 
The matrix of this form can be realised as the product of three matrices of the same 
size N x N and is given by 
1 G = -
2 XTEX (5A.3) 
where the matrix X E RNx N is formed by writing X = [xi, x2, , xN). Note that IXI 
0 provided a set of vectors {xi, x2, 	, xisT} is linearly independent, ie, EjN_i aixi = 0 if 
T 
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and only if ai = a2 = = aN = 0. Since 
a  
81n S1  (EiN=1 ai Yt) 
a lnas2 (EiN=1 cEiY0 
a  
ains, (EiN=laiY0 
N E aixi = 
i=i 
and E jN_i aiy2 = 0 if and only if al = a2 = 	= aN = 0, IXI 0 0 which implies that 
X has full rank. Given that the matrix E is positive definite, the symmetric matrix G 
in Equation (5A.3) can be shown to be positive definite by using the following theorem. 
Theorem 1 If A E RNxN  is positive definite and X E le" has rank k, then B = XTAX E 
Rkxk is also positive definite. 
Proof. If z E IRk satisfies 0 > zTBz = (Xz)T A (Xz) then Xz = 0. Since X has full 
column rank, this implies that z = 0. • 
Appendix 5.B Fundamental solution for parabolic equa-
tion 
In this section, we derive the fundamental solution of the following N-dimensional par-
abolic equation defined by 
av2 	01/2 1 N N E E  
o-• ss •  8 2V2 	rV2 = f (t,S) at + r 	+ 2 	13 z 3 asiasi i=i 	- 
(5B.1) 
with the boundary condition V2 (T, S) = 0. We apply the following transformation of 
variables in order to get rid of the non-constant coefficient terms multiplying  asi 82v2 and 
. 	
as, 
We set as, 
= ln (Si) , 	t = T — T, 	V2 (t, S) = (7)0) 
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The governing PDE for the value of an option (5B.1) on N underlying assets becomes 
N 	N 	n2 V2 17.,2 	(T, ) 
N 
r 
 aV2 
— Or 4- 	,r 	2 	p,: 	i=1 j=1  uii ) al afT2 + 2 	cri3 0;i0oi 
0 < T < T, — oo < i  < oo, i = 1, 2, ... , N 	 (5B.2)  
We apply another change of variable to remove the terms multiplying f72 and La which 
can be done by the following transformation: 
.122 = exp (E aizPi + or) W2 
i=1 
The constants ai and fi are chosen to satisfy 
(5B.3) 
0=
N 
E o-ijai + r— 
2 j=i 
N N x---,v•-• 	 Crii —2 2_, 2_, o-ijaiaj E (r — —2 ) ai — r i=1 j=1 	i=1 
Then the PDE in (5B.2) can be transformed into 
= 
aw2 
Or 
	
N 	(92T 2 	 N 
2 E 	0-23 a0J5 	 = f (70P) exp (— 1P J  J=1 J=1 J=1 Or (5B.4) 
A2 0-, 
; The terms multiplying 	can be expressed in the matrix form as o'sbial, 
N N 	02T 
E 2 ( a a  albs 802 i=i j=i • a?Pa N ) E 
a0i 
a 
8 2 
a 
aON 
112 
   
where E is a N x N symmetric matrix whose (i, j) entries are 	i,j = 1, 2, ... N. The 
covariance matrix E is positive definite and symmetric thus there exists an orthonormal 
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matrix B such that 
BTEB = A 
where A is a diagonal matrix 
qi 	• • • 	0 
A= 
0 	• • 	qN  
whose entries are the eigenvalues, qi for i = 1,2, ... N, of the matrix E. The last change 
of variables is applied to remove the cross term in 	We simply set 
z = BT/P, 	(T, 1,b) = 	( T, Z) 
z) = (7, /P) exP (— E ctio2 — 18T) 
where z and IP are N x 1 column vectors. Note that BTB equals to the identity matrix. 
Under this transformation, this results in the equation 
	
2 	1 N a2 k 2 
OT = —f (7, z)  2=1 
The solution to (5B.5) in the infinite domain is given by 
(5B.5) 
i=1 
xif 2 = 
x 
IT f [ 00 
L. 
' (7- — 	( 2 2 
[47 (T — 7-')]1  glg2 
N 
 x exp 4 (7- — 
1 	2 (zi — 
2—, 	qi 
 .4)2 dzc 	d _z/N dr' 
\•  
2 2 
qN 
i=1 
(5B.6) 
where 7-1 (.) denotes the Heaviside step function. We apply the property of the Heaviside 
function and retrace back the substitution to find the value of V2 (t, S) as follows 
Too 	 dS'dS' V2 (t, S)  =f f•••f — f (t', S') g (t, s; t', s') —L . . S' t 	o 	 N  (5B.7) 
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where the Green's function for (5B.1) is denoted as 
exp [—r (t' t)] 	f_1 TE-1 g (t,s; t' ,si) = 	 N ex P1
 
2v 	v (det E) 2  [27r (t — t)] 7 
(5B.8) 
E is the covariance matrix and v = [vi, v2, , vAdT is the N column vector whose 
elements vi =  V(e 1 —t)  [ln (4 + (r — 2) (t' — t)] for i = 1, . , N. Note that the 
Jacobian of the transformation is 11 1 and we have also used det E = 	qi. 
Appendix 5.0 Calculating Vo for any option payoff 
The option value, Vo, without transaction costs can be calculated using the Green's 
function that we have found in Appendix 5.B. The solution to 
	
avo 	atio 	E 2 02 02V0 „,T7 r 	 - 	Cr • L.3• 	I VO = V at asi 2  i=1 i=1 	asi 
with the final condition Vo (T, S) = Payoff(S) is 
00 	 dS' Vo (t, S) = J • • • f Payoff (Si) g (t,s;T,S9 	Ar 
0 1 	SN  
where g denotes the fundamental solution and is defined in (5B.8) . 
The delta for asset i can be found by differentiating Vo w.r.t. Si 
avo .0 dS' Payoff (59 g (t, S; T, 	Eik 	si 	/ • • • so N osi 	 0 k=1 1 
The gamma, which is the second-order derivative with respect to S, can be expressed 
X [(EE -111k k=1  ik 
(N 
EEjiivi) 
1=1 
(
E E Tki ic)] 
k=1 
N 
L. dS'N 
SIN  
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as 
02 vo 	1 
asias j = Tsis j  
00 
• • • f Payoff (w) g (t,S;T,S') 
Note that Ei—l is the element (i, j) in the inverse of the covariance matrix and 
vi (t, Si; T, Si)= 	(T—t) [ln 	+ — 2) (T — t)] . 
Appendix 5.D Finite difference method for solving 0 (p) 
In this section, we demonstrate that the following PDE 
52/cid) 	a2/-{id) 
1 	+ G .92&)  Gii - 
	
ay2 + 2G ayjayi ay2 + 2Hijyiyi + H1 = o (5D.1) 
and its associated boundary conditions 
Buy Boundary i: 
Sell Boundary i: 
Buy Boundary j: 
Sell Boundary j: 
c ari  
Yi-
Yi+ 
Yi— 
Ya+ 
=0 
= 0 
= 0 
= 0 
(5D.2) 
OYi 
al(id) 
aYi 
or;  
01Y. 3 
can be solved by a finite difference method. We represent RI. for 1/1". 
We represent the function /T'i) 	Yj) by its values at the discrete set of points 
Yi{k} = Y{o} + kAYi 
	k = 0,1,...,K 1 
ri{ 1 } = ri{o} /Ari 
	/. 0,1,...,L— 1 
where AYi and Ayi are the grid spacing for the Y and yi axes respectively. We define 
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K and L to be the number of points on the asset i and j respectively. Y{o}  represents 
the value of the buy boundary of the uncorrelated asset, 11-iM , and Yi{ic_i} represents 
the value of the sell boundary of the uncorrelated asset, Y.  Similarly, for the asset 
j, Yi{o}  represents the value of the buy boundary of the uncorrelated asset, Y10), and 
(o) 
1'ilL-11 represents the value of the sell boundary of the uncorrelated asset, Yi+ . For 
readability, we drop the superscript (i, j) without losing any meaning. By applying the 
following centered differencing, the partial derivatives are approximated by 
1  
(AY )2 l 
( 
s'T 1{k-1-1,/} 	211{k,/} 	Il{k —14)  
1 	7. 
4AyiAyj 1{k+1,t+1} lifk+14-11 — 11{k-1,/-1-1} /1{k-1,/-1}) 
1 	( 
(Ayi)2 	 211{1c,/} + /1{0-1}) 
81l 	1  
2Ayi (I1{k+1,l} — /1{k-1,/}) 
811 	1 ,, 
2464yi 	1{k,i+1} — 11{k,1-1}) 
so that the corresponding difference equation is 
Gii 
(Ay-i)2 7. l{k+1,/} 211{k,/} I1{k-1,/}) 
Gii  
kilfic+1,i+11 — /1{k+1,i-1} — -4{k-1,/-1-1} 
Gjj T 
+ (A 	
)2 
V 1{k,/1-1} 2'1{01 
= 	(2:14jYjfkl1'j{/} + H1) 
oYi 
ti 
(5D.3) 
Note that in approximating the derivatives at this stage, we have introduced local trun-
cation error. Equation (5D.3) and its boundary conditions give (K x L) linear algebraic 
equations for (K x L) unknowns, which can be expressed in their matrix form as 
All = b 	 (5D.4) 
where Il is a (K x L) x 1 column vector and b is a (K x L) x 1 column vector, which 
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respectively are 
/1{K-1,L-1}  
2flij172:{0}Yi{o} + 111 
2H2jYi{K-1}Y{0} + 
21-1ij11{K-1}YAL-1} + IIl 
and b= 
A (K x L) x (K x L) matrix, A, which consists of L Al , (L — 1) A2, (L — 1) A3 and 
2 A4 matrix, can be expressed in partitioned form as, 
Al A4 
A3 Al A2 
A= 
A3 ' • A2 
A4 Al 
,_G•• 	- If we define ao = —2 Li(AGyiii)2 + G"  (Ayi)2], al 	G6'2",) 9 and a3 = 	
Gui  2(Ayi)(Ayi) 
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then the (K x K) matrix A1, A2, A3 and A4 are given by 
2a1 a()  
a2  
a3 a2 —a3  
—a3 	• • • a3 
a2  
2a2 
2a2 
ao 2a1  
al ao al 
Al = 
al 
a2  
—a3 a2 a3 
2a2  
a3 
a2  
A3 = 
A2 = 
A4 
respectively. We can now solve Equation (5D.4) for I1, using any of the standard linear 
algebra methods such as Gauss-Siedels and we denote 	to be the value function on 
the (Yi, Yj) domain. 
Appendix 5.E Determining the arbitrary constant, H1  
Let us call the boundary between the NT region and the buy (sell) region of asset 
Yi—(Yi+ respectively). There are 2N corner points, which are described by a set 
of coordinates of the form { 71±, Y2±, 	YN±, }, where every combination denotes a 
different corner. For example, the 4 corner points in 2-D problem are {(Y1—, Y2—), 
(Y1—, Y2+), (Yi+, 	(Y1+, Y2+)}. At any corner, various second-order derivatives 
become zero, thus the remaining parts of (5.80) are 
N N E 	+ H = 0 
i=1 j=1 
8For the more interested reader please refer to Smith (1985) and Golub and Van Loan (1996). 
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and expanding this according to (5.82), (5.83) and (5.96), we have 
N N myi(t)2 + Ho +p 2 E Hii yiT) yi(±1) + 2 E E iiyiT).1  yi ) +Hi. +0 (p2) = 0 
[i=i 	 i=i 	 i=i j=i+i 
(5E.1) 
We have found Ho by using the Legendre transformation. However, for order 0 (p) , the 
value of H1  is not known a priori and we find this value by using the linearity of the PDE. 
We can write = /PI + H142], where 11.11 is the solution with Ai = 
and H1 = 0 and /121(i'3) is the solution with Hij = 0 and H1 = 1. Thus the condition 
(5E.1) to order p, implies 
Er Hiiyivyg)[1] ziv Eiy i+i Er..17 
i± j±
(0)v(0) 
H1 = 	 ill.7  Er 	_L  i±y(1) [2] 	1 2 (5E.2) 
where y(T) is the solution at the corner of the uncorrelated case, YiT in is associated 
1 with solution Ill]  evaluated at the corner YiT) and YT[2] is associated with solution /i ]  
evaluated at the corner YiT). 
Chapter 6 
Conclusions 
Throughout this thesis the classical continuous time portfolio optimisation of Merton 
(1971) was studied. The main objective of this problem is to choose a portfolio allocation 
and consumption strategy in such a way as to maximise the expected utility of the 
investor over his lifetime. In particular, we investigated the effect of transaction costs 
on a portfolio with several correlated risky assets. The model considered was extended 
to include stochastic variance. The theory of the stochastic control of optimal portfolio 
selection was applied to the valuation of a European basket option with the inclusion of 
transaction costs. The mathematical technique used was perturbation analysis, which 
allowed us to provide the explicit solution to leading order. 
In Chapter 3, we considered the optimal portfolio allocation for an investor with 
infinite time horizon in the presence of proportional costs. The correlation between the 
price processes of the risky assets introduces cross terms, Hijiv'iti/j, in the free bound-
aries PDE. These terms add extra complexity to the problem. We use a perturbation 
technique on the correlation parameters in order to take account of these cross terms. 
We also managed to reduce the dimensionality of the problem from NN to N (N — 1) /2 
two-dimensional problems. In other words, we were able to cross-sectionalise the corre-
lation of the risky assets. 
We found that the 0 (1) equation resembles the problem with uncorrelated assets. 
The Legendre transformation was applied to the free boundaries PDE and we verified 
that the optimal portfolio policies to order (1) agree with the uncorrelated assets models 
186 
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as given by Atkinson and Mokkhavesa (2004). We have accommodated two methods, the 
finite difference method and the separation of variables method, for solving order (p). 
The comparison between these methods has also been made. Examples of portfolios 
with two and three correlated risky assets are provided. In addition, the scheme for 
finding the shape of the NT region of the N-asset portfolios has been given. 
In Chapter 4, we formulated the problem for intertemporal optimal portfolio selec-
tion with transaction costs and stochastic variances for N correlated risky assets. We 
obtained the optimal transaction boundaries that separate the transaction and the no-
transaction regions as well as finding the new consumption rule for an investor over a 
fixed time interval [0, T]. For an investor with power utility function, the optimal port-
folio selection and the consumption rules have been determined for a portfolio with N 
uncorrelated risky assets. We have extended the model to include the effect of stochastic 
variance as well as suggesting several methods for solving the value function. 
In Chapter 5, we applied the utility maximisation and the stochastic control theory 
in determining the price as well as the optimal hedging strategies of the European 
basket options in the presence of proportional transaction costs. Furthermore, the price 
processes of the underlying assets are allowed to be correlated. The value of options 
with a utility maximisation approach can be obtained by comparing the maximised 
utilities of wealth with and without the contingent claim, which have been suggested 
by Hodges and Neuberger (1989) and Davis et al. (1993). The method used in dealing 
with the singular stochastic optimal control is perturbation analysis similar to the one 
described in Chapter 3. We have found that the option values and the hedging strategies 
of 0 (1) is the same as the Black-Scholes values when the transaction costs are zero, ie 
the option values, whose payoff is what we started with but excluding transaction costs. 
The option values, V]., of order e j  3- , are found to be zero and the impact of transaction 
costs appears in 0 (63 
2 
). To this order, we have a condition for V2 , which turns out 
to be the parabolic PDE. By using the method of Green's function, we can give the 
solution of V2 in the form of an integral equation, which is evaluated with the numerical 
integration as suggested by Haselgrove. A numerical example has been provided for the 
option written on the maximum of two correlated underlying assets. In addition, we 
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have provided the option values to 0 (e) for the special case when the underlying assets 
are uncorrelated. 
6.1 	Areas of future research 
There are a number of extensions to the work presented here which could be under 
taken. Our formulation of the problem concentrates on the model with proportional 
transaction costs. The first possible extension is to consider a more general transaction 
costs structure such as fixed costs or the combination of both fixed costs and proportional 
transaction costs. 
In most of the models, we assume that interest rates, rate of return of risky assets 
and volatility are constant. It would be more realistic to generalise the model to allow 
these parameters to be functions of time or stochastic variables. 
In the option pricing section, we only provide an example of a European path inde-
pendent option, whose payoff only depends on the price of the risky assets at exercise 
time. In general, an important area for further research concerns with the pricing and 
hedging of exotic options such as barrier options, lookback options and Asian options. 
Another interesting area would be to consider an American option, where early exercise 
is permitted. 
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